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ABSTRACT
We present astrophysical applications of the recently popular halo model to describe
large scale structure clustering. We formulate the power spectrum, bispectrum and
trispectrum of dark matter density field in terms of correlations within and between
dark matter halos. The halo approach uses results from numerical simulations and
involves a profile for dark matter, a mass function for halos, and a description of
halo biasing with respect to the linear density field. This technique can easily be
extended to describe clustering of any property of the large scale structure, such as
galaxies, baryons and pressure, provided that one formulate the relationship between
such properties and dark matter. We discuss applications of the halo model for
several observational probes of the local universe involving weak gravitational lensing,
thermal Sunyaev-Zel’dovich (SZ) effect and the kinetic SZ effect.
With respect to weak gravitational lensing, we study the generation of non-
Gaussian signals which are potentially observable in galaxy shear data. We study
the three and four-point statistics, specifically the bispectrum and trispectrum, of
the convergence using the dark matter halo approach. Our approach allows us to
study the effect of the mass distribution in observed fields, in particular the bias in-
duced by the lack of rare massive halos (clusters). At low redshifts, the non-linear
gravitational evolution of large scale structure also produces a non-Gaussian covari-
ance in the shear power spectrum measurements that affects their translation into
cosmological parameters. Using the dark matter halo approach, we study the co-
variance of binned band power spectrum estimates. We compare this semi-analytic
estimate to results from N-body numerical simulations and find a good agreement.
We find that for a survey out to z ∼ 1, the power spectrum covariance increases
the errors on cosmological parameters determined under the Gaussian assumption by
about 15%. Through a description of galaxies in halos, we comment on the recent
measurement of weak lensing tangential shear-galaxy correlation function.
Extending applications of the halo model to cosmic microwave background tem-
perature fluctuations, we discuss non-Gaussian effects associated with the thermal SZ
effect. The non-Gaussianities here arise from the existence of a four-point correlation
function in large scale pressure fluctuations. Using the pressure trispectrum calcu-
lated under the halo model, we discuss the full covariance of the SZ thermal power
spectrum, beyond the Gaussian sample variance. We use this full covariance matrix
to study the astrophysical uses of the SZ effect and discuss the extent to which gas
properties can be derived from the SZ power spectrum. With the SZ thermal effect
separated in CMB temperature fluctuations using its frequency information, a map
with a thermal spectrum is expected to be dominated at small angular scales by the
kinetic SZ effect. The kinetic SZ effect arises from the density modulation of the
Doppler effect due to the motion of scatterers in the rest frame of CMB photons.
The presence of the SZ kinetic effect can be determined through a cross-correlation
between frequency-separated SZ and CMB maps; since the SZ kinetic effect is second
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order, contributions to such a cross-correlation arise, to the lowest order, in the form
of a bispectrum. Here, we suggest an additional statistic involving the power spec-
trum of the squared temperatures, instead of the usual temperature itself. Through
a signal-to-noise calculation, we show that future small angular scale multi-frequency
CMB experiments, sensitive to multipoles of a few thousand, will be able to mea-
sure the cross-correlation of pressure traced by SZ thermal and baryons traced by SZ
kinetic effect through a power spectrum of the squared temperatures.
In addition to measures involving statistical properties of the individual effects,
we also consider the astrophysical uses of the dark matter halo spatial distribution in
wide-field survey images and propose the measurement of the angular power spectrum
involved with halo clustering. Using the shape of the linear power spectrum as a
standard ruler, we find that a survey on 4000 deg.2 scales provide enough information
for a useful determination of the angular diameter distance as a function of redshift,
independent of any unknowns that may be associated with the halo mass function or
halo bias. Under a cosmological model and reasonable prior knowledge on halo bias,
we show that adequate (∼ 20%) information can be obtained on the equation of state
of an additional energy density component.
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CHAPTER 1
GENERAL OVERVIEW
1.1 Introduction
This thesis presents astrophysical applications of a novel approach to study the non-
linear clustering of dark matter and other physical properties of the low redshift
large scale structure. We use the spatial distribution of halos to write correlation
functions of various properties, such as the dark matter, through clustering within
and between halos. Underlying this so-called halo approach is the assertion that dark
matter halos are locally biased tracers of density perturbations in the linear regime.
Necessary ingredients for this technique comes from numerical simulations and involve
halo profiles (e.g., Navarro et al 1996), mass functions (e.g., Press & Schechter 1974;
Sheth & Tormen 1999) and a description of bias (e.g., Mo et al. 1997) for these halos
with respect to the linear density field.
This so-called halo model dates back to early 1950s with the publication of a
paper by Neyman & Scott (1952) where they described the clustering of galaxies as
a realization of a random distribution. The method has been developed over the
years by Peebles (1974), McClelland & Silk (1978) and Scargle (1981), though most
of the early work was limited with respect to their predictive power given the limited
knowledge on the distribution of dark matter and galaxies in individual halos (see,
Peebles 2001 for a historical overview on the developments related to clustering stud-
ies of large scale structure). The modern version of the halo-model was first written
down by Scherrer & Bertschinger (1991) and included the fact that halos themselves
are clustered following the linear density field, though a complete description of halo
biasing did not exist till the late 90s (e.g., Mo et al. 1997). Further work related
to the halo approach includes in a series of papers by Sheth including Sheth & Jain
(1997) and Sheth & Lemson (1999). The advent of high resolution and larg e volume
numerical simulations, especially over the last few years, has now provided necessary
ingredients for detailed halo-based calculations. These high resolution simulations
have now provided adequate knowledge on the halo dark matter profiles while large
volume simulations have tested halo mass functions over many decades in mass. Thus,
it should not be a surprise that the halo approach has resurfaced to become a popular
semianalytical tool for detailed studies on the clustering properties, and related statis-
tics, of the large scale structure. The recent activities with respect to the halo model
began with publication of a series of papers by Seljak (2000), Ma & Fry (2000b),
Cooray et al (2000b), and Scoccimarro et al. (2000), among others.
During the last year, we (Cooray et al 2000b; Cooray 2000; Cooray & Hu 2001a;
Cooray & Hu 2001b) have extended the applications of the halo model to consider
clustering of dark matter and, thereby, make observable predictions associated with
weak gravitational lensing observations. We have also applied this halo model for cos-
mic microwave background (CMB) studies involving the thermal Sunyaev-Zel’dovich
1
2(SZ; Sunyaev & Zel’dovich 1980) effect associated with local large scale structure
pressure and potentially observable in CMB experiments sensitive to arcminute scale
temperature fluctuations. Additionally, we have now extended this model to consider
the non-Gaussian effects associated with both the thermal and the kinetic SZ effects.
We will present a detailed account of these applications in the present study.
This thesis is organized as following: In Chapter 1, we introduce the halo approach
to clustering and discuss the dark matter density field power spectrum, bispectrum
and trispectrum. We compare predictions related to power spectrum covariance with
results from numerical simulations by Meiksin & White (1999). In Chapters 2 and
3, we extend the discussion on dark matter clustering to discuss statistics of weak
gravitational lensing and its covariance. Implications for cosmology are discussed
in Chapter 3. In Chapters 4 to 6, we discuss applications of the halo model to sec-
ondary effects in cosmic microwave background. In particular, we discuss the thermal
Sunyaev-Zel’dovich effect (Chapter 4), The kinetic Sunyaev-Zel’dovich effect (Chap-
ter 5) and the correlations between thermal and kinetic Sunyaev-Zel’dovich effects
(Chapter 6). In Chpater 7, we briefly introduce a new cosmological test involving the
clustering properties of halos through the angular power spectrum.
The relevant work related to Chapters 1 to 3 could be found in following papers:
Weak lensing power spectrum: Cooray, A., Hu, W., & Miralda-Escude´, J. 2000, ApJ,
536, L9.
Weak lensing bispectrum: Cooray, A. & Hu, W. 2001, ApJ, 548, 7.
Weak lensing trispectrum and covariance: Cooray, A. & Hu, W. 2001, ApJ in press
(astro-ph/0012087).
Related to Chapters 4 to 6, we refer the reader to following papers:
For an initial application of the halo model to thermal Sunyaev-Zel’dovich effect:
Cooray, A. 2000, Phys. Rev. D., 62, 103506.
For issues related to frequency separation of the SZ effect, in multifrequency CMB
experiments: Cooray, A., Hu, W., Tegmark, M. 2001, ApJ, 540, 1.
For a detailed discussion of bispectra formed through non-linear mode correlations as-
sociated with certain secondary effects, such as gravitational lensing of CMB photons
and the Ostriker-Vishniac effect: Cooray, A. & Hu, W. 2000, ApJ, 534, 533.
The recent work related to non-Gaussianities in the thermal SZ effect and the
cross-correlations between thermal SZ and kinetic SZ effects, in Chapters 4 to 6, will
be published in a separate paper. The work related to Chapter 7 is submitted for
publication by Cooray, Hu, Huterer and Joffre.
1.2 General Properties
We first review the properties of adiabatic CDM models relevant to the present cal-
culations. We then discuss the general properties of the halo model as applied to the
calculation of the non-linear dark matter, baryon and pressure density field power
spectra of the local large scale structure.
31.2.1 Adiabatic CDM Model
The expansion rate for adiabatic CDM cosmological models with a cosmological con-
stant is
H2 = H20
[
Ωm(1 + z)
3 + ΩK(1 + z)
2 + ΩΛ
]
, (1.1)
where H0 can be written as the inverse Hubble distance today H
−1
0 = 2997.9h
−1Mpc.
We follow the conventions that in units of the critical density 3H20/8πG, the contri-
bution of each component is denoted Ωi, i = c for the CDM, g for the baryons, Λ for
the cosmological constant. We also define the auxiliary quantities Ωm = Ωc+Ωg and
ΩK = 1 −
∑
iΩi, which represent the matter density and the contribution of spatial
curvature to the expansion rate respectively.
Convenient measures of distance and time include the conformal distance (or
lookback time) from the observer at redshift z = 0
r(z) =
∫ z
0
dz′
H(z′)
, (1.2)
and the analogous angular diameter distance
dA = H
−1
0 Ω
−1/2
K sinh(H0Ω
1/2
K r) . (1.3)
Note that as ΩK → 0, dA → r and we define r(z =∞) = r0.
The adiabatic CDM model possesses a two, three and four-point correlations of
the dark matter density field as defined in the usual way
〈δ(k1)δ(k2)〉 = (2π)3δD(k12)P (k1) , (1.4)
〈δ(k1)δ(k2)δ(k3)〉 = (2π)3δD(k123)B(k1,k2,k3) , (1.5)
〈δ(k1) . . . δ(k4)〉c = (2π)3δD(k1234)T (k1,k2,k3,k4) , (1.6)
where ki...j = ki + . . . + kj and δD is the delta function not to be confused with the
density perturbation. Note that the subscript c denotes the connected piece, i.e. the
trispectrum is defined to be identically zero for a Gaussian field. Here and throughout,
we occasionally suppress the redshift dependence where no confusion will arise.
In linear perturbation theory1,
k3P lin(k)
2π2
= δ2H
(
k
H0
)n+3
T 2(k) . (1.7)
We use the fitting formulae of Eisenstein & Hu (1999) in evaluating the transfer
function T (k) for CDM models. Here, δH is the amplitude of present-day density
1It should be understood that “lin” denotes here the lowest non-vanishing order of perturbation
theory for the object in question. For the power spectrum, this is linear perturbation theory; for the
bispectrum, this is second order perturbation theory, etc.
4fluctuations at the Hubble scale; we adopt the COBE normalization for δH (Bunn &
White 1997).
The bispectrum in perturbation theory is given by 2
Blin(kp,kq,kr) = 2F
s
2(kp,kq)P (kp)P (kq) + 2 Perm. ,
(1.8)
with F s2 term given by second order gravitational perturbation calculations.
Similarly, the perturbation theory trispectrum is (Fry 1984)
T lin = 4 [F s2(k12,−k1)F s2(k12,k3 )P (k1)P (k12)P (k3) + Perm.]
+6 [F s3(k1,k2,k3)P (k1)P (k2)P (k3) + Perm.] . (1.9)
The permutations involve a total of 12 terms in the first set and 4 terms in the
second set. For the Sunyaev-Zel’dovich effect discussed here, we are more interested
in the clustering properties of pressure, rather than the dark matter density field.
We do not have a reliable way to calculate the pressure power spectrum and higher
order correlations analytically. We will introduce the semi-analytic halo model for
this purpose following Cooray (2000). The same is also true for the baryon power
spectrum, which is relevant for the kinetic SZ effect.
In linear theory, the density field may be scaled backwards to higher redshift by
the use of the growth function G(z), where δ(k, r) = G(r)δ(k, 0) (Peebles 1980)
G(r) ∝ H(r)
H0
∫ ∞
z(r)
dz′(1 + z′)
(
H0
H(z′)
)3
. (1.10)
Note that in the matter dominated epoch G ∝ a = (1 + z)−1.
For fluctuation spectra and growth rates of interest here, reionization of the uni-
verse is expected to occur rather late zri . 50 such that the reionized media is optically
thin to Thomson scattering of CMB photons τ . 1. The probability of last scattering
within dr of r (the visibility function) is
g = τ˙ e−τ = XH0τH(1 + z)
2e−τ . (1.11)
Here τ(r) =
∫ r
0
drτ˙ is the optical depth out to r, X is the ionization fraction,
τH = 0.0691(1− Yp)Ωgh , (1.12)
is the optical depth to Thomson scattering to the Hubble distance today, assuming full
hydrogen ionization with primordial helium fraction of Yp. Note that the ionization
2The kernels F sn are derived in Goroff et al (1986) (see, equations A2 and A3 of Goroff et al 1986;
note that their Pn ≡ Fn), and we have written such that the symmetric form of Fn’s are used. The
use of the symmetric form accounts for the factor of 2 in Eqs. 1.8 and factors of 4 and 6 in (1.9).
5fraction can exceed unity: X = (1 − 3Yp/4)/(1− Yp) for singly ionized helium, X =
(1− Yp/2)/(1− Yp) for fully ionized helium.
Although we maintain generality in all derivations, we illustrate our results with
the currently favored ΛCDM cosmological model. The parameters for this model
are Ωc = 0.30, Ωg = 0.05, ΩΛ = 0.65, h = 0.65, Yp = 0.24, n = 1, X = 1, with
a normalization such that mass fluctuations on the 8h Mpc−1 scale is σ8 = 0.9,
consistent with observations on the abundance of galaxy clusters (Viana & Liddle
1999). A reasonable value is important since higher order correlations is nonlinearly
dependent on the amplitude of the density field. We also use this ΛCDM cosmology
as the inputs for some of our calculations come from numerical simulations for this
or similar cosmology.
1.3 Angular Spectra
In this thesis, we will discuss higher order correlations associated with effects such
as the weak gravitational lensing and the SZ effect. The bispectrum Bl1l2l3 is the
spherical harmonic transform of the three-point correlation function just as the an-
gular power spectrum Cℓ is the transform of the two-point function. In terms of the
multipole moments of the temperature fluctuation field T (nˆ),
alm =
∫
dnˆT (nˆ)Y ml
∗(nˆ) , (1.13)
the two point correlation function is given by
C(nˆ, mˆ) ≡ 〈T (nˆ)T (mˆ)〉
=
∑
l1m1l2m2
〈a∗l1m1al2m2〉Y ml ∗(nˆ)Y ml (mˆ) . (1.14)
Under the assumption that the temperature field is statistically isotropic, the corre-
lation is independent of m
〈a∗l1m1al2m2〉 = δDl1l2δDm1m2Cl1 , (1.15)
and called the angular power spectrum. Likewise the three point correlation function
is given by
B(nˆ, mˆ, lˆ) ≡ 〈T (nˆ)T (mˆ)T (ˆl)〉 (1.16)
≡
∑
〈al1m1al2m2al3m3〉Y m1l1 (nˆ)Y m2l2 (mˆ)Y m3l3 (ˆl) ,
where the sum is over (l1, m1), (l2, m2), (l3, m3). Statistical isotropy again allows us
to express the correlation in terms an m-independent function,
〈al1m1al2m2al3m3〉 =
(
l1 l2 l3
m1 m2 m3
)
Bl1l2l3 . (1.17)
6Here the quantity in parentheses is the Wigner-3j symbol. Its orthonormality relation
∑
m1m2
(
l1 l2 l3
m1 m2 m3
)(
l1 l2 l4
m1 m2 m4
)
=
δDℓ3ℓ4δ
D
m3m4
2ℓ3 + 1
,
(1.18)
implies
Bl1l2l3 =
∑
m1m2m3
(
l1 l2 l3
m1 m2 m3
)
〈al1m1al2m2al3m3〉 . (1.19)
The angular bispectrum, Bl1l2l3 , contains all the information available in the
three-point correlation function. For example, the skewness, the collapsed three-
point function of Hinshaw et al (1995) and the equilateral configuration statistic of
Ferreira et al. (1998) can all be expressed as linear combinations of the bispectrum
terms (see Gangui et al 1994 for explicit expressions).
It is also useful to note its relation to the bispectrum defined on a small flat
section of the sky. In the flat sky approximation, the spherical polar coordinates (θ, φ)
are replaced with radial coordinates on a plane (r = 2 sin θ/2 ≈ θ, φ). The Fourier
variable conjugate to these coordinates is a 2D vector l of length l and azimuthal angle
φl. The expansion coefficients of the Fourier transform of a given l is a weighted sum
over m of the spherical harmonic moments of the same l (White et al. 1999)
a(l) =
√
4π
2l + 1
∑
m
i−malme
imφl , (1.20)
so that
〈a∗(l1)a(l2)〉 = 2π
l1
δDl1,l2Cl1
∑
m
eim(φl1−φl2 )
≈ (2π)2δD(l1 + l2)Cl1 . (1.21)
Likewise the 2D bispectrum is defined as
〈a(l1)a(l2)a(l3)〉 ≡ (2π)2δD(l1 + l2 + l3)B(l1, l2 , l3) (1.22)
≈ (2π)
3/2
(l1l2l3)1/2
Bl1l2l3
∑
m1,m2
eim1(φl1−φl3)
×eim2(φl2−φl3)
(
l1 l2 l3
m1 m2 −m1 −m2
)
.
The triangle inequality of the Wigner-3j symbol becomes a triangle equality relating
the 2D vectors. The implication is that the triplet (l1,l2,l3) can be considered to
7contribute to the triangle configuration l1,l2,l3 = −l1+ l2 where the multipole number
is taken as the length of the vector. The correspondance between the all-sky angular
bispectrum given by Bl1l2l3 and the flat-sky vectorial representation of the bispectrum
by B(l1, l2, l3) is
Bl1l2l3 =
√∏3
i=1(2li + 1)
4π
(
l1 l2 l3
0 0 0
)
B(l1, l2, l3) , (1.23)
and follows the discussion in Hu (2000b).
Similarly, we con formulate the trispectrum, or the Fourier analog of the four-point
correlation function. In this thesis, we will only encounter specific configurations of
the trispectrum that contribute to the covariance of the power spectrum and to the
power spectrum of squared quantities. The issues related to the general trispectrum
will be discussed in a separate paper.
1.4 How to Describe Large Scale Structure Properties
Using Halos?
Throughout this thesis, we will be interested in observational probes of large scale
structure properties involving dark matter, pressure and baryons. To make detailed
predictions on observational statistics, we make use of the halo model which is now
fully described in Cooray & Hu (2001a; see also, Cooray et al 2000b; Ma & Fry 2000b;
Scoccimarro et al. 2000). In the context of standard cold dark matter (CDM) models
for structure formation, the dark matter halos that are responsible for lensing have
properties that have been intensely studied by numerical simulations. In particular,
analytic scalings and fits now exist for the abundance, profile, and correlations of halos
of a given mass. We show how the dark matter power spectrum predicted in these
simulations can be constructed from these halo properties. The critical ingredients
are: the Press-Schechter formalism (PS; Press & Schechter 1974) or a variant for the
mass function; the NFW profile of Navarro et al (1996) or a variant to describe the
dark matter halo distribution, and the halo bias model of Mo & White (1996).
Underlying the halo approach is the assertion that dark matter halos of virial
mass M are locally biased tracers of density perturbations in the linear regime. In
this case, functional relationship between the over-density of halos and mass can be
expanded in a Taylor series
δh(x,M ; z) = b0 + b1(M ; z)δlin(x; z) +
1
2
b2(M ; z)δ
2
lin(x; z) + . . . (1.24)
The over-density of halos can be related to more familiar mass function and the
halo density profile by assuming that we can model the fully non-linear density field
as a set of correlated discrete objects or halos with profiles
ρ(x; z) =
∑
i
ρh(x− xi;Mi; z) , (1.25)
8where the sum is over all positions. The density fluctuation in Fourier space, as a
function of redshift, is
δ(k; z) =
∑
i
eik·xiδh(k;Mi; z) . (1.26)
Following Peebles (1980), we divide space into sufficiently small volumes δV that
they contain only one or zero halos of a given mass and convert the sum over halos
to a sum over the volume elements and masses
δ(k; z) =
∑
V1,M1
n1e
ik·x1δh(k,M1; z) . (1.27)
By virtue of the small volume element n1 = n
2
1 = n
µ
1 = 1 or 0 following Peebles
(1980).
As written above, we take the halos to be biased tracers of the linear density field
such that their number density fluctuates as
d2n
dMdc
(x; z) =
d2n¯
dMdc
[b0 + b1(M ; z)δlin(x; z) +
1
2
b2(M ; z)δ
2
lin(x; z) . . .] . (1.28)
Thus,
〈n1〉 = d
2n¯
dMdc
δM1δc1 , (1.29)
〈n1n2〉 = 〈n1〉 δ12 + 〈n1〉 〈n2〉 [b20 + b1(M1; z)b1(M2; z) ,
×〈δlin(x1; z)δlin(x2; z)〉] .
〈n1n2n3〉 = . . . . (1.30)
In Eq. 1.28, b0 ≡ 1, δ12 is the Dirac delta function, and we have only considered the
lowest order contributions. The halo bias parameters given in Mo et al. (1997):
b1(M ; z) = 1 +
ν2(M ; z) − 1
δc
b2(M ; z) =
8
21
[b1(M ; z)− 1] + ν
2(M ; z)− 3
σ2(M ; z)
. (1.31)
Here, ν(M ; z) = δc/σ(M ; z) and σ(M ; z) is the rms fluctuation within a top-hat filter
at the virial radius corresponding to mass M , and δc is the threshold over-density of
spherical collapse (see Henry 2000) for useful fitting functions). In Fig. 1.1, we show
the mass dependence and the redshift evolution of bias, b1(M ; z).
The derivation of the higher point functions in Fourier space is now a straight-
forward but tedious exercise in algebra. The Fourier transforms inherent in Eq. 1.27
convert the correlation functions in Eq. 1.30 into the power spectrum, bispectrum,
trispectrum, etc., of perturbation theory. We outline this description in the Appendix.
9Following Cooray & Hu (2001a) and Cooray (2000), it is now convenient to define
a general integral over the halo mass function and profile distribution d2n¯/dMdc.
Though we presented the description of halo clustering for dark matter, we can gen-
eralize this discussion to consider any physical property associated with halo; one
simply relates the over-density of halos through the density profile corresponding to
the property of interest in Eq. 1.24. Since we will encounter dark matter, pressure
and baryon density fields through out this thesis, we write a general integral that
applies to all these three properties as
Iβ,ηµ,i1...iµ(k1, . . . , kµ; z) ≡
∫
dM
d2n¯
dMdc
(M, z)bβ(M ; z)
×Te(M ; z)ηyi1(k1,M ; z) . . . yiµ(kµ,M ; z) . (1.32)
Here, in addition to the dark matter, to account for clustering properties of pressure
associated with baryons in large scale structure, we have introduced the electron
temperature, Te(M ; z).
In Eq. 1.32, the three-dimensional Fourier transform of the density fluctuation
through the halo profile of the density distribution, ρi(r,M ; z), of any physical prop-
erty is
yi(k,M ; z) =
1
ρbi
∫ rv
0
dr 4πr2ρi(r,M ; z)
sin(kr)
kr
, (1.33)
with the background mean density of the same quantity given by ρbi. Since in this
thesis we discuss the dark matter, pressure and baryons, the index i will be used
to represent either the density, δ (with y ≡ yδ), the baryons, g (with y ≡ yg),
or pressure, Π (with ≡ yg). Note that for both dark matter density and baryon
clustering, η = 0, as there is no temperature contribution, but for clustering of
pressure, η = µ when i1 . . . iµ describes pressure. One additional note here is that the
profile used for baryons will be the same as the profile that we will use for pressure.
The only difference between baryon clustering and pressure clustering is that we
weigh the latter with the electron temperature, leading to a selective contribution
from electrons with the highest temperature, while the former includes all baryons.
1.4.1 Correlation Functions in Fourier Space
For the calculations presented in this thesis, we will encounter the power spectrum,
bispectrum and trispectrum involving these properties. We now write down these
Fourier space correlations under the halo approach. To generalize the discussion, we
will use the index i to represent the property of interest.
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Figure 1.1 The dark matter halo bias as a function of the halo mass and redshift.
The curves show the redshift evolution of bias from z = 0 to z = 3 at steps of 0.5.
Power Spectrum
In general, the power spectrum of these three quantities under the halo model now
becomes (Seljak 2000)
Pi(k) = P
1h
i (k) + P
2h
i (k) , (1.34)
P 1hi (k) = I
0
2,ii(k, k) , (1.35)
P 2hi (k) =
[
I11,i(k)
]2
P lin(k) , (1.36)
where the two terms represent contributions from two points in a single halo (1h) and
points in different halos (2h) respectively.
Similar to above, we can also define the cross power spectra between two fields as
Pij(k) = P
1h
ij (k) + P
2h
ij (k) , (1.37)
P 1hij (k) = I
0
2,ij(k, k) , (1.38)
P 2hij (k) = I
1
1,i(k)I
1
1,j(k)P
lin(k) . (1.39)
It is also useful to define the bias of one field relative to the dark matter density field
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as
bi(k) =
√
Pi(k)
Pδ(k)
. (1.40)
We can also define a dimensionless correlation coefficient between the two fields as
rij(k) =
Pij(k)√
Pi(k)Pj(k)
. (1.41)
During the course of this paper, we will encounter, and use, cross-power spectra as
the one involving baryon and pressure, PgΠ, and dark matter and pressure, PδΠ.
Following Tegmark & Peebles (1998), one can define a covariance matrix in Fourier
space containing the full information on scale dependence of bias and correlations such
that
Ĉ(k) ≡
(
Pii(k) Pij(k)
Pij(k) Pjj(k)
)
= Pδδ(k)
(
b2i rijbibj
rijbibj b
2
j
)
. (1.42)
For example, the observation measurement of pressure bias, bΠ, and pressure-dark
matter correlation rδΠ, can be considered by an inversion of the SZ-SZ, lensing-lensing
and SZ-lensing power spectra as a function of redshift bins in which lensing-lensing
or SZ-lensing power spectra are constructed.
Bispectrum
Similarly, we decompose the bispectrum into terms involving one, two and three halos
(see Scherrer & Bertschinger 1991; Ma & Fry 2000b):
Bi = B
1h
i +B
2h
i +B
3h
i , (1.43)
where here and below the argument of the bispectrum is understood to be (k1,k2,k3).
The term involving the single halo contribution is
B1hi = I
0
3 (k1, k2, k3) . (1.44)
Similarly, the term involving two halos trace the linear density field power spectrum
B2hi = I
1
2 (k1, k2)I
0
1 (k3)P
lin(k3) + Perm. , (1.45)
while the term involving three halos trace the linear density field bispectrum
B3hi = I
1
1 (k1)I
1
1 (k2)
[
Blin(k1,k2,k3)I
1
1 (k3) + I
2
1 (k3)P
lin(k1)P
lin(k2)
]
+ Perm. (1.46)
for triple halo contributions. Here the 2 permutations are k3 ↔ k1, k2.
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Trispectrum
In the appendix, as an example on how these Fourier spaced correlation functions
are obtained, we detail the derivation of the trispectrum under the halo model. As
described there (see, also, Cooray & Hu 2001b), the contributions to the trispectrum
may be separated into those involving one to four halos
Ti = T
1h
i + T
2h
i + T
3h
i + T
4h
i , (1.47)
where here and below the argument of the trispectrum is understood to be (k1,k2,k3,k4).
The term involving a single halo probes correlations of the physical property i within
that halo
T 1hi = I
0
4,iiii(k1, k2, k3, k4) , (1.48)
and is independent of configuration due to the assumed spherical symmetry for our
halos.
The term involving two halos can be further broken up into two parts
T 2hi = T
2h
31,iiii + T
2h
22,iiii , (1.49)
which represent taking three or two points in the first halo
T 2h31,iiii = P
lin(k1)I
1
3,iii(k2, k3, k4)I
1
1,i(k1) + 3 Perm., (1.50)
T 2h22,iiii = P
lin(k12)I
1
2,ii(k1, k2)I
1
2,i(k3, k4) + 2 Perm. (1.51)
The permutations involve the 3 other choices of ki for the I
1
1,i term in the first equation
and the two other pairings of the ki’s for the I
1
2,ii terms in the second. Here, we have
defined k12 = k1 + k2; note that k12 is the length of one of the diagonals in the
configuration.
The term containing three halos can only arise with two points in one halo and
one in each of the others
T 3hi = B
lin(k1,k2,k34)I
1
2,ii(k3, k4)I
1
1,i(k1)I
1
1,i(k2)
+P lin(k1)P
lin(k2)I
2
2,ii(k3, k4)I
1
1,i(k1)I
1
1,i(k2) + 5 Perm. ,
where the permutations represent the unique pairings of the ki’s in the I2,ii factors.
This term also depends on the configuration.
Finally for four halos, the contribution is
T 4hi = I
1
1,i(k1)I
1
1,i(k2)I
1
1,i(k3)I
1
1,i(k4)
{
T lin +
[I22,ii(k4)
I11,i(k4)
×P lin(k1)P lin(k2)P lin(k3) + 3 Perm.
]}
, (1.52)
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Figure 1.2 The dark matter (NFW) profile and the ones predicted by the hydrostatic
equilibrium for gas, as a function of the b parameter (see, Eq. 1.62) with rs = 100.
The relative normalization between individual parameters is set using a gas fraction
value of 0.1, though the NFW profile is arbitrarily normalized with ρs = 1; the gas
profiles scale with the same factor. For comparison, we also show a typical example of
the so-called β model (1+ r2/r2c )
−3β/2 which is generally used as a fitting function for
X-ray and SZ observations of clusters. We refer the reader to Makino et al. (1998) and
Suto et al. (1998) for a detailed comparison of β models and the NFW-gas profiles.
where the permutations represent the choice of ki in the I
1
1,i’s in the brackets. We now
discuss the results from this modeling for a specific choice of halo input parameters
and cosmology.
Because of the closure condition expressed by the delta function, the trispectrum
may be viewed as a four-sided figure with sides ki. It can alternately be described by
the length of the four sides ki plus the diagonals. We occasionally refer to elements of
the trispectrum that differ by the length of the diagonals as different configurations of
the trispectrum. In the rest of this thesis, we will encounter the dark matter density
field trispectrum Tδ ≡ Tδδδδ , pressure trispectrum TΠ ≡ TΠΠΠΠ and the pressure-
baryon cross trispectrum TgΠgΠ.
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1.4.2 Halo Parameters
To calculate the power spectrum and higher order Fourier-space correlation function
of the dark matter density field and other properties of the large scale structure we
need several inputs as outlined in the introduction. We detail these ingredients, which
we take obtain following results from numerical simulations.
Dark Matter Profile
The dark matter profile of collapsed halos are taken to be the NFW Navarro et al
with a density distribution
ρδ(r) =
ρs
(r/rs)(1 + r/rs)2
. (1.53)
The density profile can be integrated and related to the total dark matter mass of
the halo within rv
Mδ = 4πρsr
3
s
[
log(1 + c)− c
1 + c
]
(1.54)
where the concentration, c, is rv/rs. Choosing rv as the virial radius of the halo,
spherical collapse tells us that M = 4πr3v∆(z)ρb/3, where ∆(z) is the over-density of
collapse and ρb is the background matter density today. We use comoving coordinates
throughout. By equating these two expressions, one can eliminate ρs and describe
the halo by its mass M and concentration c. Following the results from ΛCDM
simulations by Bullock et al (2000), we take a concentration-mass relationship such
that
dn¯
dMdc
=
(
dn
dM
)
PS
p(c) , (1.55)
p(c)dc =
1√
2πσ2c
exp
[
−(ln c− ln c¯)
2
2σ2ln c
]
d ln c ,
where PS denotes the Press-Schechter mass function (Press & Schechter 1974), which
we use to describe the mass function of halos (see, below).
From the simulations of Bullock et al (2000), the mean and width of the concen-
tration distribution is taken to be
c¯(M, z) = 9(1 + z)−1
[
M
M∗(z)
]−0.13
, (1.56)
σln c = 0.2 , (1.57)
whereM∗(z) is the non-linear mass scale at which the peak-height threshold, ν(M, z) =
1.
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In describing pressure, due to computational limitations, we will ignore the dis-
tribution of concentrations and only use the mean value:
c(M ; z) = 9(1 + z)−1
[
M
M⋆(z)
]−0.13
. (1.58)
Additionally, in Cooray et al (2000b), we suggested a concentration-mass relation for
the ΛCDM model such that it will reproduce approximately the Peacock & Dodds
(PD; Peacock & Dodds 1996) fitting function for the non-linear power spectrum. We
can write this relation as
c(M, z) = a(z)
[
M
M⋆(z)
]−b(z)
, (1.59)
such that a(z) = 10.3(1 + z)−0.3 and b(z) = 0.24(1 + z)−0.3. The dark matter power
spectrum is well reproduced with these parameters when using a NFW profile in a
ΛCDM model, to within 20% for 0.0001 < k < 500 Mpc−1, out to a redshift of 1.
These values also agree with the ones given by Seljak (2000) for the NFW profile at
z = 0. The two power spectra differ increasingly with scale at k > 500 Mpc−1, but the
Peacock and Dodds (1996) power spectrum is not reliable there due to the resolution
limit of the simulations from which the non-linear power spectrum was derived.
Gas Density Profile
The gas density profile, ρg(r), is calculated assuming the hydrostatic equilibrium be-
tween the gas distribution and the dark matter density field with in a halo. This
is a valid assumption given that current observations of halos, mainly galaxy clus-
ters, suggest the existence of regularity relations, such as size-temperature (e.g.,
Mohr & Evrard 1997), between physical properties of dark matter and baryon distri-
butions.
The hydrostatic equilibrium implies,
kTe
µmp
d log ρg
dr
= −GMδ(r)
r2
, (1.60)
with µ = 0.59, corresponding to a hydrogen mass fraction of 76%. Here, Mδ(r) is
the mass only out to a radius of r. Note that we have assumed here an isothermal
temperature for the gas distribution. Solving for the the equations above, we can
analytically calculate the baryon density profile ρg(r)
ρg(r) = ρg0e
−b
(
1 +
r
rs
)brs/r
, (1.61)
where b is a constant, for a given mass,
b =
4πGµmpρsr
2
s
kBTe
, (1.62)
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with the Boltzmann constant, kB (Makino et al. 1998; Suto et al. 1998). This is
derived only under the assumption of hydrostatic equilibrium for the gas distribution
in a dark matter profile given by the NFW equation. In above, the normalization
ρgo is determined under the assumption of a constant gas mass fraction for halos
comparable with the universal baryon to dark matter ratio: fg ≡ Mg/Mδ = Ωg/Ωm.
When investigating astrophysical uses of the SZ effect, we will vary this parameter
and consider variations of gas fraction as a function of mass and redshift.
The electron temperature can be calculated based on the virial theorem or similar
arguments as discussed in Cooray (2000). Using the virial theorem, we can write
kBTe =
γGµmpMδ
3rv
, (1.63)
with γ = 3/2. Since rv ∝ M1/3δ (1 + z)−1 in physical coordinates, Te ∝ M2/3(1 + z).
The average density weighted temperature is
〈Te〉δ =
∫
dM
M
ρb
dn
dM
(M, z)Te(M, z) . (1.64)
The total gas mass present in a dark matter halo within rv is
Mg(rv) = 4πρg0e
−br3s
∫ c
0
dx x2(1 + x)b/x . (1.65)
In Fig. 1.2, we show the NFW profile for the dark matter and arbitrarily nor-
malized gas profiles predicted by the hydrostatic equilibrium and virial theorem for
several values of b. As b is decreased, such that the temperature is increased, the
turn over radius of the gas distribution shifts to higher radii. As an example, we
also show the so-called β model that is commonly used to describe X-ray and SZ
observations of galaxy clusters and for the derivation purpose of the Hubble constant
by combined SZ/X-ray data. The β model describes the underlying gas distribution
predicted by the gas profile used here in equilibrium with the NFW profile, though,
we find differences especially at the outer most radii of halos. This difference can
be used as a way to establish the hydrostatic equilibrium of clusters, though, any
difference of gas distribution at the outer radii should be accounted in the context of
possible substructure and mergers.
A discussion on the comparison between the gas profile used here and the β model
is available in Makino et al. (1998) and Suto et al. (1998). In addition, we refer the
reader to Cooray (2000) for full detailed discussion on issues related to modeling of
pressure power spectrum using halo and associated systematic errors. Comparisons
of the halo model predictions with numerical simulations are available in Seljak et al.
(2000) and Refregier & Teyssier (2001). Similarly, issues related to modeling of the
dark matter clustering using halos is discussed in Cooray & Hu (2001a) for the bis-
pectrum and Cooray & Hu (2001b) for the trispectrum
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Figure 1.3 Present day dark matter density (a) power spectrum and (c) equilateral bis-
pectrum under the halo prescription. The power spectrum shown in (a) is compared
with the PD fitting function and the linear P (k). We have decomposed the power
spectrum and bispectrum to individual contributing terms under the halo approach.
The mass cut off effects on the present day dark matter density power spectrum (b)
and bispectrum (d) under the halo approach. From bottom to top, the maximum
mass used in the calculation is 1011, 1012, 1013, 1014, 1015 and 1016 M⊙.
Mass Function
In order to describe the dark matter halo mass distribution, in general, we can consider
two analytical forms commonly found in the literature. These are the Press-Schechter
(PS; Press & Schechter 1974) and Sheth-Tormen (ST; Sheth & Tormen 1999) mass
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functions and are both parameterized by
dn
dM
dM =
ρb
M
f(ν)dν (1.66)
with f(ν) taking the general form of
νf(ν) = A
√
2
π
[
1 + (aν2)−p
]
(aν) exp
(−aν2/2) . (1.67)
Here, ν = δc/σ(M, z), where σ(M, z) is the rms fluctuation within a top-hat filter
at the virial radius corresponding to mass M , and δc is the threshold overdensity of
spherical collapse.
The normalization A in Eq. 1.67 is set by requiring the mass conservation, such
that the average mass density from the mass function is same as the average mass
density of the universe: ∫
dn
dM
M
ρb
dM =
∫
f(ν)dν = 1 , (1.68)
and takes values of 0.5 and 0.383 when the PS (p = 0, a = 1) or ST (p = 0.3, a = 0.707)
mass functions are used respectively. The two mass functions behave such that when
ν is small, νf(ν) ∝ ν1.0 and ∝ ν0.4 for PS and ST mass functions, respectively.
Note that the difference in mass functions can be compensated by a difference in the
concentration-mass relation (see, e.g., Seljak 2000; Cooray & Hu 2001a). Thus, we
will simply use the PS mass function throughout here. We take the minimum mass
to be 103 M⊙ while the maximum mass is varied to study the effect of massive halos
on lensing convergence statistics. In general, masses above 1016 M⊙ do not contribute
to low order statistics due to the exponential decrease in the number density of such
massive halos.
1.5 Dark Matter Power Spectrum and Bispectrum
In Fig. 1.3(a-b), we show the density field power spectrum today (z = 0), written
such that ∆2(k) = k3P (k)/2π2 is the power per logarithmic interval in wavenumber.
In Fig 1.3(a), we show individual contributions from the single and double halo terms
and a comparison to the non-linear power spectrum as predicted by the PD fitting
function. In Fig. 1.3(b), we show the dependence of density field power as a function
of maximum mass used in the calculation. Here, we show the power spectrum and
bispectrum such that the concentration-mass formula is modified to match the PD
fitting function with parameters as listed in under Eq. 1.58.
In general, the behavior of dark matter power spectrum due to halos can be un-
derstood in the following way. The linear portion of the dark matter power spectrum,
k < 0.1 h Mpc−1, results from the correlation between individual dark matter halos
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and reflects the bias prescription. The fitting formulae of Mo & White (1996) ade-
quately describes this regime for all redshifts. The mid portion of the power spectrum,
around k ∼ 0.1−1 h Mpc−1 corresponds to the non-linear scaleM ∼M⋆(z), where the
Poisson and correlated term contribute comparably. At higher k’s, the power arises
mainly from the contributions of individual halos. Similarly, at the same high scales
when k & few tens h Mpc−1, the PD fitting function is not reliable due to resolu-
tion limit of the simulations from which the fitting function for the non-linear power
spectrum was derived. In addition to the NFW profile, one can consider variants,
however, with the freedom to change the concentration-mass relation, such variations
do not produce recognizable differences in the power spectrum and the bispectrum
(see, Seljak 2000 and Cooray & Hu 2001a for a discussion). We also refer the reader
to Seljak 2000 for a discussion of the detailed properties of galaxy power spectra due
to halos; we briefly discuss the subject of galaxy power spectra in § 1.7 using the
PCSZ redshift-space galaxy power spectrum from Hamilton & Tegmark (2000).
Since the bispectrum generally scales as the square of the power spectrum, it is
useful to define
∆2eq(k) ≡
k3
2π2
√
B(k, k, k) , (1.69)
which represents equilateral triangle configurations, and its ratio to the power spec-
trum
Qeq(k) ≡ 1
3
[
∆2eq(k)
∆2(k)
]2
. (1.70)
In second order perturbation theory,
QPTeq = 1−
3
7
Ω−2/63m (1.71)
and under hyper-extended perturbation theory (HEPT; Scoccimarro & Frieman 1999),
QHEPTeq (k) =
4− 2n(k)
1 + 2n(k)+1
, (1.72)
which is claimed to be valid in the deeply nonlinear regime. Here, n(k) is the linear
power spectral index at k.
In Fig. 1.3(c-d), we show ∆2eq(k) separated into its various contributions (c) and as
a function of maximum mass (d). Since the power spectra and equilateral bispectra
share similar features, it is more instructive to examine Qeq(k) (see Fig. 1.4a). Here
we also compare it with the second order perturbation theory (PT) and the HEPT
prediction. In the halo prescription, Qeq at k & 10knonlin ∼ 10hMpc−1 arises mainly
from the single halo term. We also show Qeq(k) predicted by the fitting function of
Scoccimarro & Couchman (2000) based on simulations in the range of 0.1 . k . 3 h
Mpc−1. This function is designed such that it converges to HEPT value at small scales
and PT value at large scales. The HEPT prediction, however, falls short on smaller
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scales; further work with numerical simulations, especially at scales with k & 10 h
Mpc−1, where the predictions based on HEPT and halo models differ, will be useful
to distinguish between various clustering hypotheses (see, e.g., Ma & Fry 2000c). The
scales where the two predictions significantly differ is unlikely to be probed by weak
lensing observations as such scales only contribute at angular scales of few arcseconds
(l ∼ 104).
1.6 Dark Matter Power Spectrum Covariance
Following Scoccimarro et al. (1999), we can relate the trispectrum to the variance of
the estimator of the binned power spectrum
Pˆi =
1
V
∫
si
d3k
Vsi
δ∗(−k)δ(k) , (1.73)
where the integral is over a shell in k-space centered around ki, Vsi ≈ 4πk2i δk is the
volume of the shell and V is the volume of the survey. Recalling that δ(0)→ V/(2π)3
for a finite volume,
Cij ≡
〈
PˆiPˆj
〉
−
〈
Pˆi
〉〈
Pˆj
〉
=
1
V
[
(2π)3
Vsi
2P 2i δij + Tij
]
, (1.74)
where
Tij ≡
∫
si
d3ki
Vsi
∫
sj
d3kj
Vsj
T (ki,−ki,kj,−kj) . (1.75)
Notice that though both terms scale in the same way with the volume of the survey,
only the Gaussian piece necessarily decreases with the volume of the shell. For the
Gaussian piece, the sampling error reduces to a simple root-N mode counting of
independent modes in a shell. The trispectrum quantifies the non-independence of
the modes both within a shell and between shells. Calculating the covariance matrix
of the power spectrum estimates reduces to averaging the elements of the trispectrum
across configurations in the shell. It is to the description of the trispectrum that we
now turn.
1.6.1 Trispectrum
In Fig. 1.5(a), we show the logarithmic power spectrum ∆2(k) = k3P (k)/2π2 with
contributions broken down to the 1h and 2h terms today and the 1h term at redshift
of 1. Here, we use the concentration-mass relation as found by Bullock et al (2000)
in their numerical simulations in the ΛCDM cosmology. We have taken the width of
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concentration-mass distribution to be σlnc = 0.2. Our prediction for the non-linear
power spectrum is compared with the PD fitting function. The same prediction
here with the concentration-mass relation from simulation and the one obtained by
fitting for the PD function can be compared through Fig. 1.3(a). When compared to
PD fitting function, and using results from numerical simulations for concentration,
we find that there is an slight overprediction of power at scales corresponding to
1 . k . 10 h Mpc−1 at redshifts of 0 and 1, and a more substantial underprediction
at small scales with k & 10 h Mpc−1. Since the non-linear power spectrum has only
been properly studied out to overdensities ∆2 ∼ 103 with numerical simulations it
is unclear whether the small-scale disagreement is significant. Fortunately, it is on
sufficiently small scales so as not to affect weak gravitational lensing observables.
For the trispectrum, and especially the contribution of trispectrum to the covari-
ance, we are mainly interested in terms involving T (k1,−k1,k2,−k2), i.e. parallel-
ograms which are defined by either the length k12 or the angle between k1 and k2.
For illustration purposes we will take k1 = k2 and the angle to be 90
◦ (k2 = k⊥) such
that the parallelogram is a square. It is then convenient to define
∆2sq(k) ≡
k3
2π2
T 1/3(k,−k,k⊥,−k⊥) , (1.76)
such that this quantity scales roughly as the logarithmic power spectrum itself ∆2(k).
This spectrum is shown in Fig. 1.5(b) with the individual contributions from the 1h,
2h, 3h, 4h terms shown.
We test the sensitivity of our calculations to the width of the distribution in
Fig. 1.6, where we show the ratio between single halo contribution, as a function of the
concentration distribution width, to the halo term with a delta function distribution
σlnc = 0. The fiducial value of the width suggested by simulations is σlnc = 0.2. As
in the power spectrum the effect of increasing the width is to increase the amplitude
at small scales due to the high concentration tail of the distribution. Notice that the
width effect is stronger in the trispectrum than the power spectrum since the tails of
the distribution are weighted more heavily in higher point statistics.
To compare the specific scaling predicted by perturbation theory in the linear
regime and the hierarchical ansatz in the deeply non-linear regime, it is useful to
define the quantity
Qsq(k) ≡ T (k,−k,k⊥,−k⊥)
[8P 2(k)P (
√
2k)][4P 3(k)]
. (1.77)
In the halo prescription, Qsq at k & 10knonlin ∼ 10hMpc−1 arises mainly from the
single halo term. In perturbation theory Qsq ≈ 0.085. The Qsq does not approach the
perturbation theory prediction as k → 0 since that contribution appears only as one
term in the 4 halo piece. Our model therefore does not recover the true trispectrum
of the density field in the linear regime. The problem is that in modeling the density
field with discrete objects, here halos, there is an error associated with shot noise. A
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more familiar example of the same effect comes from the use of galaxies as tracers of
the dark matter density field. While this error appears large in the Qsq statistic, it
does not affect the calculations of the power spectrum covariance since in this regime,
it is the Gaussian piece errors that dominate.
The hierarchical ansatz predicts that Qsq = const. in the deeply non-linear regime.
Its value is unspecified by the ansatz but is given as
Qsatsq =
1
2
[
54− 27 · 2n + 2 · 3n + 6n
1 + 6 · 2n + 3 · 3n + 6 · 6n
]
(1.78)
under hyperextended perturbation theory (HEPT; Scoccimarro & Frieman). Here
n = n(k) is the linear power spectral index at k. As shown in Fig. 1.4(b), the halo
model predicts Qsq increases at high k. This behavior, also present at the three point
level for the dark matter density field bispectrum, suggests disagreement between
the halo approach and hierarchical clustering ansatz (see, Ma & Fry 2000b), though
numerical simulations do not yet have enough resolution to test this disagreement.
Fortunately the discrepancy is also outside of the regime important for lensing.
1.6.2 Further Tests of the Dark Matter Covariance
To further test the accuracy of our halo trispectrum, we compare dark matter correla-
tions predicted by our method to those from numerical simulations by Meiksin & White
(1999). For this purpose, we calculate the covariance matrix Cij from Eq. 1.75 with
the bins centered at ki and volume Vsi = 4πk
2
i δki corresponding to their scheme. We
also employ the parameters of their ΛCDM cosmology and assume that the param-
eters that defined the halo concentration properties from our fiducial ΛCDM model
holds for this cosmological model also. The physical differences between the two cos-
mological model are minor, though normalization differences can lead to large changes
in the correlation coefficients.
In Table 1.1, we compare the predictions for the correlation coefficients
Cˆij =
Cij√
CiiCjj
(1.79)
with the simulations. Agreement in the off diagonal elements is typically better than
±0.1, even in the region where non-Gaussian effects dominate, and the qualitative
features such as the increase in correlations across the non-linear scale are preserved.
A further test on the accuracy of the halo approach is to consider higher or-
der real-space moments such as skewness and kurtosis. In Cooray & Hu (2000), we
discussed the weak lensing convergence skewness under the halo model and found
it to be in agreement with numerical predictions from White & Hu (1999). The
fourth moment of the density field, under certain approximations, was calculated
by Scoccimarro et al. (1999) using dark matter halos and was found to be in good
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k 0.06 0.07 0.09 0.11 0.14 0.17 0.21 0.25 0.31
0.06 1.00 0.06 0.12 0.18 0.25 0.30 0.33 0.34 0.33
0.07 (0.04) 1.00 0.10 0.19 0.30 0.37 0.41 0.42 0.41
0.09 (0.03) (0.08) 1.00 0.16 0.29 0.40 0.47 0.48 0.48
0.11 (0.09) (0.09) (0.03) 1.00 0.28 0.43 0.54 0.58 0.57
0.14 (0.15) (0.20) (0.08) (0.20) 1.00 0.43 0.58 0.69 0.70
0.17 (0.14) (0.23) (0.18) (0.25) (0.28) 1.00 0.59 0.74 0.78
0.21 (0.18) (0.32) (0.19) (0.31) (0.40) (0.48) 1.00 0.75 0.84
0.25 (0.21) (0.34) (0.26) (0.35) (0.49) (0.61) (0.65) 1.00 0.86
0.31 (0.20) (0.37) (0.26) (0.40) (0.51) (0.62) (0.72) (0.82) 1.00√
Cii
CGii
1.02 1.03 1.04 1.07 1.14 1.23 1.38 1.61 1.90
Table 1.1 Diagonal normalized covariance matrix of the binned dark matter density
field power spectrum with k values in units of h Mpc−1. Upper triangle displays
the covariance found under the halo model. Lower triangle (parenthetical numbers)
displays the covariance found in numerical simulations by Meiksin & White (1999).
Final line shows the fractional increase in the errors (root diagonal covariance) due
to non-Gaussianity as calculated under the halo model.
agreement with N-body simulations. Given that density field moments have already
been studied by Scoccimarro et al. (1999), we no longer consider them here other
than to suggest that the halo model has provided, at least qualitatively, a consistent
description better than any of the perturbation theory arguments.
1.7 From Dark Matter to Galaxies
In Fig. 1.7, we show the redshift-space galaxy power spectrum from the PCSZ survey
as derived by Hamilton & Tegmark (2000). For comparison, we show the non-linear
dark matter power spectrum with the galaxy power spectrum scaled with a constant
bias in the linear regime following the analysis given in Hamilton & Tegmark (2000).
In the mildly to deeply non-linear regime, the galaxy power spectrum cannot be
simply reproduced through an overall scaling of the non-linear dark matter power
spectrum. This disagreement provides a strong argument against a scale independent
bias for galaxy at all scales.
To understand the behavior of the galaxy power spectrum under the halo model,
we follow discussions in Seljak (2000) and Scoccimarro et al. (2000). The basic idea
here is that the galaxies can be considered as a tracer of the dark matter. Thus, its
clustering properties inside a halo will simply follow the distribution of dark matter
in that halo. Since the clustering measurements only involve the galaxies, one can
relate the galaxy population in halos to the dark matter, as a function of the halo
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mass, through a relation that involves the mean number of galaxies per halo. This
is essentially similar to the idea we presented to describe pressure, which involves
a similar mean relation through the temperature-mass description for electrons in
halos.
Following Seljak (2000), we describe the average number of galaxies per halo,
〈Ngal〉 in Eq. 1.32, such that
〈Ngal〉 =
(
M
Mmin
)0.8
(1.80)
where Mmin, the minimum dark matter halo mass in which a galaxy is found, is
taken to be 5.3 × 1011h−1 M⊙ for our fiducial ΛCDM cosmological model following
Benson et al. (1999). The above relation is consistent with semi-analytical models,
however, we ignore scatter in the observed distribution on the mean number of galaxies
per halo. In addition to semi-analytic work, the above mean number of galaxies
is consistent with the relation found by Scoccimarro et al. (2000) under the halo
approach when compared to clustering of galaxies in the APM survey. The reason
why the number of galaxies scales asM0.8, instead of simply mass, can be understood
by noting that the galaxy formation is suppressed in large mass halos due to the
significantly higher cooling time when compared to the cooling times for gas in low
mass halos. Thus, low mass halos, such as galaxy groups, have a higher efficiency for
galaxy formation than high mass halos, such as massive clusters of galaxies. Such
a mass dependent efficiency for galaxy formation can be easily used to explain the
excess of entropy in galaxy clusters relative to smaller groups (see, e.g., Bryan 2000).
To calculate the 1-halo term of the galaxy power spectrum, in addition to the
mean number of galaxies, one also require information on the second moment of the
galaxy distribution. Using semi-analytic models, Scoccimarro et al. (2000), advocate
〈Ngal(Ngal − 1)〉 = α(M)2 〈Ngal〉2 (1.81)
where α(M) is used to quantify the deviations from Poisson statistics.
In Scoccimarro et al. (2000), α(M) ∼ log(M/1011h−1M⊙)0.5 out to a mass of 1013
h−1 M⊙ while α(M) = 1 thereafter. Other variants to this approach are considered
in Seljak (2000).
Using the information on the galaxy distribution within halos, the 2-halo and
1-halo terms for the galaxy power spectrum is
P 2hgal(k) = P
lin(k)
[∫
dM
dn¯
dM
b1(M)
〈Ngal〉
n¯gal
yδ(k,M)
]2
, (1.82)
and
P 1hgal(k) =
[∫
dM
dn¯
dM
〈Ngal(Ngal − 1)〉
n¯2gal
yδ(k,M)
]2
, (1.83)
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respectively. With the the mean number of galaxies per halo, as a function of mass,
the mean number density of galaxies can be written as an integral over the PS mass
function
n¯gal =
∫
dM 〈Ngal〉 dn
dM
(M, z) . (1.84)
At large scales, since the galaxy power spectrum can be written as a simply scaling
of the linear power spectrum
Pgal(k) = b
2
galP
lin(k), (1.85)
we can write the galaxy bias at such linear scales as a mass weighted halo bias
bgal =
∫
dM
dn¯
dM
b1(M)
〈Ngal〉
n¯gal
. (1.86)
With sufficient statistics, a measurement of the galaxy power spectrum at linear
scales, as a function of galaxy type or environment, allows one to relate the observed
bias to a mean mass of halos in which galaxies under study reside. It is likely that
such studies can easily be carried out with wide-field surveys such as the Sloan Digital
Sky Survey (SDSS).
To construct the galaxy power spectrum, through the relation involving the mean
number of galaxies as a function of mass, one essentially rescales the contribution to
the dark matter power spectrum. The scaling through Ngal ∼ M0.8 is such that one
weighs the high mass end of dark matter halos relatively higher than the low mass
end. In Fig. 1.8, we show the dark matter power spectrum such that contributions
are separated as a function of mass. In Fig. 1.9, we show the prediction for the galaxy
power spectrum, with parameters for the galaxy distribution as defined above. Note
that the we have not tried to vary the parameters for the galaxy prescription so as
to fit the PCSZ redshift-space galaxy power spectrum. Given that there are still
discrepancies between this prediction and the measured galaxy power spectrum, it
is likely that some variants of the parameters can lead to a better model. We leave
these detailed issues to future studies, since we are primarily interested in here for a
simple description of galaxy power spectrum under the halo approach.
1.8 Discussion
Even though the dark matter halo formalism provides a physically motivated means
for calculating the statistics of the dark matter density field, there are several limita-
tions of the approach that should be borne in mind when interpreting the results.
The approach assumes all halos to be spherical with a single profile shape. Any
variations in the profile through halo mergers and resulting substructure can affect
the power spectrum and higher order correlations. Also, real halos are not perfectly
spherical which affects the configuration dependence of the bispectrum. Furthermore,
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there are parameter degeneracies in the formalism that prevent a straightforward
interpretation of observations in terms of halo properties. For example, one might
think that the power spectrum and bispectrum can be used to measure any mean
deviation from the assumed NFW profile form. However as pointed out by Seljak
(2000), changes in the slope of the inner profile can be compensated by changing
the concentration as a function of mass; this degeneracy is also preserved in the
bispectrum.
In the case of the trispectrum and power specrum covariance, we have attempted
to include variations in the halo profiles with the addition of a distribution func-
tion for concentration parameter based on results from numerical simulations. Also,
for the calculation involving dark matter trispectrum and covariance, we have not
modified the concentration-mass relation to fit the PD non-linear power spectrum,
but rather have taken results directly from simulations as inputs. Though we have
partly accounted for halo profile variations, the assumption that halos are spherical
is likely to affect detailed results on the configuration dependence of the bispectrum
and trispectrum.
We do not expect these issues to affect our qualitative results. If this technique
is to be used for precision studies of cosmological parameters, however, more work
will be required in testing it quantitatively against simulations. Studies by Ma & Fry
(2000a) show that the bispectrum predictions of the halo formalism are in good agree-
ment with simulations, at least when averaged over configurations. Scoccimarro et al.
(2000) find that there are discrepancies at the ∼ 20−30% level in the mildly non-linear
regime that show up most markedly in the configuration dependence; uncertainties
in the mass function, with respect to the mass functions produced in simulations,
also produce variations at this level. The replacement of individual halos found in
numerical simulations with synthetic smooth halos with NFW profiles by Ma & Fry
(2000b) show that the smooth profiles can regenerate the measured power spectrum
and bispectrum in simulations. This agreement, at least at scales less than 10knonlin,
suggests that mergers and substructures may not be important at such scales.
The agreement between the power spectrum and bispectrum for a given halo pre-
scription is also significant in that, as we shall see, the two statistics weight high mass
halos very differently. The agreement serves as a test that the halo prescription cor-
rectly captures the halo mass dependence of the statistics. We conclude that the halo
model is useful in that it provides a means to study the halo mass dependence of two,
three and four point statistics and an approximate means to bridge the gap between
the linear regime where PT is valid and the non-linear regime where extensions such
as HEPT can be used.
In the deeply non-linear regime (here k & 10hMpc−1) there are qualitative differ-
ences between the halo predictions and HEPT. Unfortunately, current state-of-the-art
simulations do not have the resolution to address the differences Scoccimarro et al.
(2000). For weak lensing purposes, the differences are less relevant since in the deeply
non-linear regime shot-noise from the intrinsic ellipticities of the galaxies will likely
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dominate. We will now discuss applications of the halo model to weak gravitational
lensing.
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Figure 1.4 (a)Qeq(k) and (b)Qsq at present broken into individual contributions under
the halo description and compared with second order perturbation theory (PT) and
hyper-extended perturbation theory (HEPT). In (a), the thick dotted line shows the
Qeq based on the fitting function of Scoccimarro & Couchman (2000) that combines
HEPT at small scales and PT at large scales. In (b), in the linear regime, the
perturbation theory (PT) prediction is reproduced by the 4 halo term which is only
∼ 1/2 of the total. See text for a discussion of discrepancies.
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Figure 1.5 The dark matter power spectrum (a) and square-configuration trispectrum
(b) broken into individual contributions under the halo description. The lines labeled
’PD’ shows the dark matter power spectrum under the Peacock & Dodds (1996) non-
linear fitting function while the curve labeled ’PT’ is the linear dark matter power
spectrum (at redshift of 0). In (a), we show the power spectrum at redshifts of 0
and 1. In (b), we show the square configuration trispectrum (see text). In both (a)
and (b), at small scales the single halo term dominates while at large scales halo
correlations contribute.
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Figure 1.6 The ratio of the single halo term contribution to that for a concentration
width σln c → 0 for the (a) power spectrum and (b) trispectrum. The small scale
behavior is increasingly sensitive to the high concentration tails for the higher order
statistics.
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Figure 1.7 The PCSZ galaxy power spectrum compared to the dark matter power
spectrum. The galaxy power spectrum comes from Hamilton & Tegmark (2000), and
we have scaled the dark matter power spectrum with a linear scale-independent bias
factor. At non-linear scales, the dark matter clustering cannot reproduce the galaxy
power.
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Figure 1.8 The non-linear dark matter power spectrum under the halo approach
broken to contributions as a function of mass. The large scale power is produced by
massive halos while the small scales power is produced by the small mass halos. The
galaxy power spectrum is produced through appropriate scaling of the contributions
to the dark matter power spectrum as a function of mass through the average number
of galaxies vs. mass relation.
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Figure 1.9 The PCSZ galaxy power spectrum produced through the mean number
of galaxies as a function of mass relation. With appropriate scaling, the halo model
produces the almost power law galaxy power spectrum measured in the PCSZ survey.
CHAPTER 2
WEAK GRAVITATIONAL LENSING
2.1 Introduction
Weak gravitational lensing of faint galaxies probes the distribution of matter along
the line of sight. Lensing by large-scale structure (LSS) induces correlation in the
galaxy ellipticities at the percent level (e.g., Blandford et al 1991; Miralda-Escude´
1991; Kaiser 1992). Though challenging to measure, these correlations provide im-
portant cosmological information that is complementary to that supplied by the
cosmic microwave background and potentially as precise (e.g., Jain & Seljak 1997;
Bernardeau et al 1997; Kaiser 1998; Schneider et al 1998; Hu & Tegmark 1999; Cooray
1999; Van Waerbeke et al 1999; see Bartelmann & Schneider 2000 for a recent re-
view). Indeed several recent studies have provided the first clear evidence for weak
lensing in so-called blank fields (e.g., Van Waerbeke et al 2000; Bacon et al 2000;
Wittman et al 2000; Kaiser et al 2000), though more work is clearly needed to un-
derstand even the statistical errors (e.g. Cooray et al 2000b).
Weak lensing surveys are currently limited to small fields which may not be rep-
resentative of the universe as a whole, owing to sample variance. In particular, rare
massive objects can contribute strongly to the mean power in the shear or conver-
gence but not be present in the observed fields. The problem is compounded if one
chooses blank fields subject to the condition that they do not contain known clusters
of galaxies. The objective with halo approach is to (1) quantify these effects and to
understand what fraction of the total convergence power spectrum and higher order
correlations arise from lensing by individual massive clusters as a function of scale and
(2) understand how the sample variance effects affect the cosmological interpretation
of weak lensing convergence observations through galaxy shear data. In this chapter,
we address the first issue while the second issue is discussed in the next chapter.
Given that weak gravitational lensing results from the projected mass distribu-
tion, the statistical properties of weak lensing convergence reflect those of the dark
matter. Non-linearities in the mass distribution induce non-Gaussianity in the con-
vergence distribution. These non-Gaussianities contribute to the covariance of power
spectrum measurements, especially in the case when observations are limited to a
finite field of view and the measurements are binned in multipole space. Here, we
present an analytical estimate on the covariance of binned power spectrum, based on
the non-Gaussian contribution. The calculation of the full convergence covariance re-
quires detailed knowledge of the dark matter density bispectrum, which can be obtain
analytically through perturbation theory (e.g., Bernardeau et al 1997) or numerically
through simulations (e.g., Jain et al 2000; White & Hu 1999). Perturbation theory,
however, is not applicable at all scales of interest, while numerical simulations are
limited by computational expense to a handful of realizations of cosmological models
with modest dynamical range. Here, we use a recent popular approach to obtain the
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density field bispectrum analytically by describing the underlying three point correla-
tions as due to contributions from (and correlations between) individual dark matter
halos.
Techniques for studying the dark matter density field through halo contribu-
tions have recently been developed (Seljak 2000; Ma & Fry 2000b; Scoccimarro et al.
2000) and applied to two-point and three-point lensing statistics (Cooray et al 2000b;
Cooray & Hu 2000). The critical ingredients are: a mass function for the halo distri-
bution, such as the Press-Schechter (PS; Press & Schechter 1974) or Sheth-Tormen
(ST; Sheth & Tormen 1999) mass function; a profile for the dark matter halo, e.g.,
the profile of Navarro et al (1996; NFW), and a description of halo biasing (Mo et al.
1997; extensions in Sheth & Lemson 1999 and Sheth & Tormen 1999). The dark mat-
ter halo approach provides a physically motivated method to calculate the correlation
functions. Since lensing probes scales ranging from linear to deeply non-linear, this
is an important advantage over perturbation-theory calculations.
2.2 Convergence Power Spectrum
The angular power spectrum of the convergence is defined in terms of the multipole
moments κlm as
〈κ∗lmκl′m′〉 = Cκl δll′δmm′ . (2.1)
Cl is numerically equal to the flat-sky power spectrum in the flat sky limit. It is
related to the dark matter power spectrum by (Kaiser 1992; 1998)
Cκl =
∫
dr
W lens(r)2
d2A
P t
(
l
dA
; r
)
, (2.2)
where r is the comoving distance and dA is the angular diameter distance. When all
background sources are at a distance of rs, the weight function becomes
W lens(r) =
3
2
Ωm
H20
c2a
dA(r)dA(rs − r)
dA(rs)
; (2.3)
for simplicity, we will assume rs = r(zs = 1) throughout. In deriving Eq. 2.2, we have
used the Limber approximation (Limber 1954) by setting k = l/dA and the flat-sky
approximation. A potential problem in using the Limber approximation is that we
implicitly integrate over the unperturbed photon paths (Born approximation). The
Born approximation has been tested in numerical simulations by Jain et al (2000; see
their Fig. 7) and found to be an excellent approximation for the two point statistics.
The same approximation can also be tested through lens-lens coupling involving lenses
at two different redshifts. For higher order correlations, analytical calculations in the
mildly non-linear regime by Van Waerbeke et al (2000b; also, Bernardeau et al 1997;
Schneider et al 1998) indicate that corrections are again less than a few percent.
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Figure 2.1 Weak lensing convergence (a) power spectrum and (c) bispectrum under
the halo description. Also shown in (a) is the prediction from the PD nonlinear power
spectrum fitting function. We have separated individual contributions under the halo
approach to weak lensing angular power spectrum and bispectrum. The mass cut off
effects on the weak lensing convergence power spectrum (d) and bispectrum (d). The
maximum mass used is same as in Fig. 1.3(b & d). We have assumed that all sources
are at zs = 1.
Thus, our use of the Limber approximation by ignoring the lens-lens coupling is not
expected to change the final results significantly.
In Fig. 2.1(a), we show the convergence power spectrum of the dark matter halos
compared with that predicted by the Peacock & Dodds (1996) power spectrum. The
lensing power spectrum due to halos has the same behavior as the dark matter power
spectrum. At large angles (l . 100), the correlations between halos dominate. The
transition from linear to non-linear is at l ∼ 500 where halos of mass similar to
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M⋆(z) contribute. The single halo contributions start dominating at l > 1000. When
l & few thousand, at small scales corresponding to deeply non-linear regime, the
intrinsic correlations between individual background galaxy shapes can complicate
the accurate recovery of lensing signal (Croft & Metzler 2000; Heavens et al. 2000;
Catelan et al 2000). Therefore, it is unlikely that the lensing observations can be
used to test various clustering models that are relevant to such non-linear regimes.
As shown in Fig. 2.1(b), and discussed in Cooray et al (2000b), if there is a lack
of massive halos in the observed fields convergence measurements will be biased low
compared with the cosmic mean. The lack of massive halos affect the single halo
contribution more than the halo-halo correlation term, thereby changing the shape
of the total power spectrum in addition to decreasing the overall amplitude. Since
the lensing power spectrum is simply a projected measure of the dark matter power
spectrum, the variations in the weak lensing angular power spectra are consistent
with the behavior observed in the dark matter power spectrum.
It is interesting to study the origin of this result in terms of the physical parameters
to see how they depend on assumptions. The lensing convergence weight function
(Eq. 2.3) peaks at half the angular diameter distance to background sources,1 which
for our fiducial ΛCDM model with sources at zs = 1 corresponds to z ≈ 0.4 with the
growth of structures shifting this peak redshift to a slightly lower value. In Fig. 2.2(a
& c), we show the result of the mass cuts where only those halos for which z < 0.3 and
M < Mcut are excluded. Note that the sensitivity to the mass threshold is reduced
indicating that a substantial fraction of the effect comes from rare massive halos at
high redshift. As shown in Fig. 2.2(b & d) when zs = 2, changing the source redshift
therefore does not affect the results qualitatively.
In Fig. 2.3(a), we show the dependence of Cκ, for several l values. If halos < 10
15
M⊙ are well represented in a survey, then the power spectrum will track the LSS
convergence power spectrum for all l values of interest. The surface number density
of halos determines how large a survey should be to possess a fair sample of halos
of a given mass. We show this in Fig. 2.3(b) as predicted by PS formalism for our
fiducial cosmological model for halos out to (z = 0.3 and z = 1.0). Since the surface
number density of > 1015M⊙ halos out to a redshift of 0.3 and 1.0 is ∼ 0.03 and 0.08
degree−2 respectively, a survey of order ∼ 30 degree2 should be sufficient to contain a
fair sample of the universe for recovery of the full LSS convergence power spectrum.
One caveat is that mass cuts may affect the higher moments of the convergence
differently so that a fair sample for a quantity such as skewness will require a different
survey strategy. From numerical simulations (White & Hu 1999), we know that S3 ≡
〈κ3〉 / 〈κ2〉2 shows substantial sample variance, implying that it may be dominated by
rare massive halos. As we find later, when calculated using density field bispectrum
constructed using dark matter halos, the skewness decreased by a factor of ∼ 10 with
1The physical scale in the halos roughly corresponds to the angular scale times half the angular
diameter distance to the source. For example at one arcmin, the scale corresponding to sources at
zs = 1 is ∼ 400 kpc.
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Figure 2.2 Weak lensing convergence spectra under the halo description for sources
at zs = 1 with a mass cut off only applied to halos at zc = z < 0.3 and for source
zs = 2 with mass cut off to the same redshift: (a) & (b) angular power spectrum and
(c) & (d) Equilateral bispectrum. The mass cuts are the same as in Fig. 1.3(b & d).
A significant fraction of the effect comes from rare massive halos at high redshift.
a mass cut off at ∼ 1013 M⊙ at an angular scale of 10′ from the maximum value with
masses out to ∼ 1016 M⊙. We will discuss issues related to non-Gaussianities in the
next section.
While upcoming wide-field weak lensing surveys, such as the MEGACAM ex-
periment at Canada-France-Hawaii Telescope (Boulade et al 1998), and the proposed
wide field survey by Tyson et al. (2000, private communication) will cover areas up to
∼ 30 degree2 or more, the surveys that have been so far published, e.g., Wittman et al
(2000), only cover at most 4 degree2 in areas without known clusters. The observed
convergence in these fields should be biased low compared with the mean and vary
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Figure 2.3 (a) Total lensing convergence Ctotκ as a function of maximum mass for
several l-values and sources at zs = 1. As shown, contributions from halos with
masses > 1015 M⊙ are negligible. (b) Surface density of halo masses as a function of
minimum mass using PS formalism out to zmax = 0.3 and zmax = 1. This determines
the survey area needed to ensure a fair sample of halos greater than a given mass.
widely from field to field due to sample variance from the Poisson contribution of the
largest mass halos in the fields, which are mainly responsible for the sample variance
below 10′ (see White & Hu 1999).
Our results can also be used proactively. If properties of the mass distribu-
tion such as the maximum mass halo in the observed lensing fields are known, say
through prior optical, X-ray, SZ or even internally in the lensing observations (see
Kruse & Schneider 1999), one can make a fair comparison of the observations to the-
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oretical model predictions with a mass cut off in our formalism. Even for larger
surveys, the identification and extraction of large halo contributions can be benefi-
cial: most of the sample variance in the fields will be due to rare massive halos. The
dependence of massive halos in producing a large non-Gaussian signal can also be
used to identify their presence and perhaps correct the possible non-fair sampling of
observing fields and variance of convergence measurement. A reduction in the sample
variance increases the precision with which the power spectrum can be measured and
hence the cosmological parameters upon which it depends. In the next Chapter, we
will address the effect on cosmological parameters due to non-Gaussianities and the
associated sample variance.
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Figure 2.4 Moments of the convergence field as a function of top-hat smoothing scale
σ. (a) Second moment broken into individual contributions. (b) Mass cut off effects
on the second moments. (a) Third moment broken into individual contributions. (b)
Mass cut off effects on the third moments. The mass cuts are the same as in Fig. 1.3.
In the case of the two point function, one can also consider the second moment, or
variance, in addition to the power spectrum. The variance of a map smoothed with
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a window is related to the power spectrum by〈
κ2(σ)
〉
=
1
4π
∑
l
(2l + 1)Cκl W
2
l (σ) . (2.4)
where Wl are the multipole moments (or Fourier transform in a flat-sky approxi-
mation) of the window. For simplicity, we will choose a window which is a two-
dimensional top hat in real space with a window function in multipole space of
Wl(σ) = 2J1(x)/x with x = lσ.
In Fig. 2.4(a-b), we show the second moment as a function of smoothing scale σ.
Here, we have considered angular scales ranging from 5′ to 90′, which are likely to be
probed by ongoing and upcoming weak lensing experiments. As shown, most of the
contribution to the second moment comes from the double halo correlation term and
is mildly affected by a mass cut off.
Figure 2.5 The bispectrum configuration dependence Rl3l1l2 as a function of l1 and
l2 with l3 = 1000. Due to triangular conditions associated with l’s, only the upper
triangular region in l1-l2 space contribute to the bispectrum.
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2.3 Convergence Bispectrum
The angular bispectrum of the convergence is defined as
〈κl1m1κl2m2κl3m3〉 =
(
l1 l2 l3
m1 m2 m3
)
Bκl1l2l3 , (2.5)
where
κ(nˆ) =
∑
κlmY
m
l (nˆ) , (2.6)
with spherical moments of the convergence field defined such that
κlm = i
l
∫
d3k
2π2
δδ(k)I
lens
l (k)Y
m
l (kˆ) ,
I lensl (k) =
∫
drW lens(k, r)jl(kr) , (2.7)
whereW (k, r) is the source function associated with weak lensing (see, Eq. 2.3). Here,
we have simplified using the Rayleigh expansion of a plane wave
eik·nˆr = 4π
∑
lm
iljl(kr)Y
m∗
l (kˆ)Y
m
l (nˆ) . (2.8)
The bispectrum can be written through
〈κl1m1κl2m2κl3m3〉 = il1+l2+l3
×
∫
d3k1
2π2
∫
d3k2
2π2
∫
d3k3
2π2
〈δδ(k1)δδ(k2)δδ(k3)〉
× I lensl (k1)I lensl (k2)I lensl (k3)Y m1l1 (kˆ1)Y m2l2 (kˆ2)Y m3l3 (kˆ3) , (2.9)
and can be simplified further by using the bispectrum of density fluctuations
〈κl1m1κl2m2κl3m3〉 = il1+l2+l3
∫
d3k1
2π2
∫
d3k2
2π2
∫
d3k3
2π2
× (2π)3Bδ(k1, k2, k3)δD(k123)
× I lensl (k1)I lensl (k2)I lensl (k3)Y m1l1 (kˆ1)Y m2l2 (kˆ2)Y m3l3 (kˆ3) , (2.10)
the expansion of a delta function
δD(k123) =
∫
d3x
(2π)3
eix·(k1+k2+k3) , (2.11)
and the Rayleigh expansion (Eq. 2.8), to write
〈κl1m1κl2m2κl3m3〉 =
23
π3
∫
k21dk1
∫
k22dk2
∫
k23dk3
× Bδ(k1, k2, k3)I lensl (k1)I lensl (k2)I lensl (k3)
×
∫
x2dxjl1(k1x)jl2(k2x)jl3(k3x)
∫
dxˆY m1l1 (xˆ)Y
m2
l2
(xˆ)Y m3l3 (xˆ) . (2.12)
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Here, the density bispectrum should be understood as arising from the full unequal
time correlator
〈δδ(k1; r1)δδ(k2; r2)δδ(k3; r3)〉 , (2.13)
where the temporal coordinate is introduced to the source functions through individ-
ual I lensl ’s.
Using the Gaunt integral∫
dnˆY m1l1 Y
m2
l2
Y m3l3 =
√∏3
i=1(2li + 1)
4π
(
l1 l2 l3
0 0 0
)(
l1 l2 l3
m1 m2 m3
)
,
(2.14)
we can write the convergence bispectrum as
Bκl1l2l3) =
∑
m1m2m3
(
l1 l2 l3
m1 m2 m3
)
〈κl1m1κl2m2κl3m3〉
=
√∏3
i=1(2li + 1)
4π
(
l1 l2 l3
0 0 0
)
bl1,l2,l3 , (2.15)
with
bl1,l2,l3 =
23
π3
∫
k21dk1
∫
k22dk2
∫
k23dk3Bδ(k1, k2, k3)
× I lensl1 (k1)I lensl2 (k2)I lensl3 (k3)
∫
x2dxjl1(k1x)jl2(k2x)jl3(k3x) .
(2.16)
In general, the calculation of bl1,l2,l3 involves seven integrals involving the mode
coupling integral and three integrals involving distances and Fourier modes, respec-
tively. For efficient calculational purposes, we can simplify further by using the Lim-
ber approximation. Here, we employ a version based on the completeness relation of
spherical Bessel functions (see, Cooray & Hu 2000 for details)∫
dkk2F (k)jl(kr)jl(kr
′) ≈ π
2
d−2A δ
D(r − r′)F (k)|k= l
dA
, (2.17)
where the assumption is that F (k) is a slowly-varying function. This is in fact
the well known Limber approximation under the weak coupling approximation (see,
Hu & White 1996). Under this assumption, the contributions to the bispectrum come
only from correlations at equal time surfaces.
Applying this to the integrals involving k1, k2 and k3 allows us to write the angular
bispectrum of lensing convergence as
Bκl1l2l3 =
√∏3
i=1(2li + 1)
4π
(
l1 l2 l3
0 0 0
)
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×
[∫
dr
[W lens(r)]3
d4A
Bδ
(
l1
dA
,
l2
dA
,
l3
dA
; r
)]
. (2.18)
The more familiar flat-sky bispectrum is simply the expression in brackets (Hu 2000b).
The basic properties of Wigner-3j symbol can be found in Cooray & Hu (2000).
Similar to the density field bispectrum, we define
∆2eql =
l2
2π
√
Bκlll , (2.19)
involving equilateral triangles in l-space.
In Fig. 2.1(b), we show ∆2eql. The general behavior of the lensing bispectrum can
be understood through the individual contributions to the density field bispectrum: at
small multipoles, the triple halo correlation term dominates, while at high multipoles,
the single halo term dominates. The double halo term contributes at intermediate
l’s corresponding to angular scales of a few tens of arcminutes. The variations in
the weak lensing bispectrum as a function of maximum mass is shown in Fig. 2.1(d).
Here, again, the variations and consistent with the behavior seen in dark matter
bispectrum and produce qualitatively consistent results regardless of the exact halo
profile or mass function.
2.3.1 Skewness
As discussed in the case of the second moment, it is likely that the first measurements
of higher order correlations in lensing would be through real space statistics. Thus,
in addition to the bispectrum, we also consider skewness which is associated with the
third moment of the smoothed map (c.f. Eq. [2.4])
〈
κ3(σ)
〉
=
1
4π
∑
l1l2l3
√∏3
i=1(2li + 1)
4π
(
l1 l2 l3
0 0 0
)
×Bκl1l2l3Wl1(σ)Wl2(σ)Wl3(σ) .
(2.20)
We then construct the skewness as
S3(σ) =
〈κ3(σ)〉
〈κ2(σ)〉2 . (2.21)
The effect of the mass cut off is dramatic in the third moment. As shown in
Fig 2.4(c-d), most of the contributions to the third moment come from the single
halo term, with those involving halo correlations contributing significantly only at
angular scales greater than ∼ 25′. With a mass cut off, the total third moment
decreases rapidly and is suppressed by more than three orders of magnitude when the
45
100
101
102
103
S 3
(σ)
PM Simul
5 15 25 35 45 55 65 75 85
σ (arcmin)
HEPT
PT
Figure 2.6 The skewness, S3(σ), as a function of angular scale. Shown here is the skew-
ness values with varying maximum mass as in Fig. 1.3(c-d). For comparison, we also
show skewness values as measured in particle-mesh (PM) simulations of White & Hu
(1999), as predicted by hyper-extended perturbation theory (HEPT; dashed line) and
second-order perturbation theory (PT; long-dashed line).
maximum mass drops to 1013 M⊙. The skewness only saturates when the maximum
mass is raised to a few times 1015 M⊙. Even though a small change in the maximum
mass does not greatly change the convergence power spectrum (Fig. 3 of Cooray et al
2000b), the third moment, or the bispectrum, is strongly sensitive to the rarest or
most massive dark matter halos.
In Fig. 2.6 we plot the skewness as a function of maximum mass, ranging from
1011 to 1016 M⊙. Our total maximum skewness agrees with what is predicted by
numerical particle mesh simulations (White & Hu 1999) and yields a value of ∼ 116
at 10′. However, it is lower than predicted by HEPT arguments and simulations
of Jain et al (2000), which suggest a skewness of ∼ 140 at angular scales of 10′.
The skewness based on second-order PT is factor of ∼ 2 lower than the maximum
skewness predicted by halo calculation. As shown, the PT skewness decreases slightly
46
from angular scales of few arcminutes to 90′ and increases thereafter. Our halo based
calculation of skewness differs from both Hui (1999) and Bernardeau et al (1997) as
these authors used HEPT and PT respectively to calculate lensing skewness.
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Figure 2.7 Generalized skewness statistic S3(σ,m). (a) m = 1/2 following Jain et al
(2000). (b) m = 3.7 chosen to minimize the mass cut off dependence.
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The effect of maximum mass on the skewness is interesting. When the maximum
mass is decreased to 1015 M⊙ from the maximum mass value where skewness saturates
(∼ 3× 1015 M⊙), the skewness decreases from ∼ 116 to 98 at an angular scale of 10′,
though the convergence power spectrum only changes by less than few percent when
the same change on the maximum mass used is made. When the maximum mass used
in the calculation is 1013 M⊙, the skewness at 10
′ is ∼ 8, which is roughly a factor of
15 decrease in the skewness from the total.
The variation in skewness as a function of angular scale is due to the individual
contribution to the second and third moments. The increase in the skewness at
angular scales less than ∼ 30′ is due to the single halo contributions for the third
moment. The triple halo correlation terms dominate angular scales greater than 50′,
leading to a slight increase toward large angles, e.g. from ∼ 74 at 40′ to ∼ 85 at 90′.
However, this increase is not present when the maximum mass used in the calculation
is less than ∼ 1014 M⊙. Even though mass cut off affects the single halo contributions
more than the halo contribution, at such masses, the change in halo contribution with
mass cut off prevents an increase in skewness at large angular scales.
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Figure 2.8 The probability distribution function of the weak lensing convergence as a
function of maximum mass used in the calculation at an angular scale of 12′. From
top to bottom, the curves range from 1011 to 1016 M⊙.
The absence of rare and massive halos in observed fields will certainly bias the
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skewness measurement from the cosmological mean. One therefore needs to exer-
cise caution in using the skewness to constrain cosmological models Hui 1999). In
Cooray et al (2000b), we suggested that lensing observations in a field of ∼ 30 deg2
may be adequate for an unbiased measurement of the convergence power spectrum.
For the skewness, observations within a similar area may be biased by as much as
∼ 25%. This is consistent with the sampling errors found in numerical simulations:
1σ errors of 24% at 10′ with a 36 deg2 field (White & Hu 1999). To obtain the
skewness within few percent of the total, one requires a fair sample of halos out to
∼ 3 × 1015 M⊙, requiring observations of ∼ 1000 deg2, which is within the reach of
upcoming lensing surveys involving wide-field cameras, such as the MEGACAM at
Canada-France-Hawaii-Telescope (Boulade et al 1998), and proposed dedicated tele-
scopes (e.g., Dark Matter Telescope; Tyson, private communication).
Still, this does not mean that non-Gaussianity measured in smaller fields will be
useless. With this halo approach one can calculate the expected skewness if one
knows that the most massive halos are not present in the observed fields. This
knowledge may come from external information such as X-ray data and Sunyaev-
Zel’dovich measurements or internally from the lensing data.
2.3.2 Related Statistics
The halo description in general allows one to test the effect of rare massive halos on
any statistic related to the two and three point functions. In particular, it can be
used to design more robust statistics.
Generalized three point statistics have been considered previously by Jain et al
(2000) following Nusser & Dekel (1993) and Juszkiewicz et al (1995). One such statis-
tic is the 〈κ|κ|〉κ>0, which is expected to reduce the sampling variance from rare
and massive halos (see, Jain et al 2000 for details). This statistic is proportional to
〈κ3〉 / 〈κ2〉1/2. In Fig. 2.7(a), we show this statistic as a function of maximum mass
used in the calculation. We still find strong variations with changes to the maximum
mass. Similar variations were also present in other statistics considered by Jain et al
(2000).
Consider instead the generalized statistic
S3(σ,m) =
〈
κ3
〉
/
〈
κ2
〉m
(2.22)
where m is an arbitrary index. We varied m such that the effect of mass cuts are
minimized on skewness. In Fig. 2.7(b), we show such an example with m = 3.7. Here,
the values are separated to two groups involving with most massive and rarest halos
and another with halos of masses 1014 M⊙ or less. Though the values from the two
groups agree with each other on small angular scales, they depart significantly above
25′ reaching a difference of 2.5 at 80′. Statistics involving such a high index m, weigh
the single halo contributions highly when the most massive halos are present, whereas
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they weight the halo correlation terms more strongly for M < 1014 M⊙. To some
extent this may be useful to identify the presence of rare halos in the observations.
However the consequence of using these generalized statistics is that one progres-
sively loses their independence on the details of the cosmological model, e.g. the shape
and amplitude of the underlying density power spectrum, as one departs from m = 2,
thereby contaminating the probe of dark matter and dark energy. The correction for
noise bias in the generalized skewness statistic also depends on m. The distribution
also changes but in a way that it is predictable from the distributions of second and
third moments. Further work is necessary find the optimal trade off between robust-
ness, cosmological independence and noise properties of these and other generalized
statistics.
Another observable statistic is the probability distribution function (pdf) of the
convergence maps smoothed on the scale σ. This possibility has been recently studied
by Jain & van Waerbeke (1999), where the reconstruction of pdf using peak statistics
were considered. Using the Edgeworth expansion to capture small deviations from
Gaussianity, one can write the pdf of convergence to second order as
p(κ) =
1√
2π 〈κ2(σ)〉 e
−κ(σ)2/2〈κ2(σ)〉 (2.23)
×
[
1 +
1
6
S3(σ)
√
〈κ2(σ)〉H3
(
κ(σ)√
〈κ2(σ)〉
)]
,
where H3(x) = x
3 − 3x is the third order Hermite polynomial (see, Juszkiewicz et al
1995 for details).
In Fig. 2.8, we show the pdf of convergence at 12′ as a function of maximum mass
used in the calculation. As shown, the greatest departures from Gaussianity begin to
occur when the maximum mass included is greater than 1014 M⊙. Given that we have
only constructed the pdf using terms out to skewness, the presented pdfs should only
be considered as approximate. With increasing non-Gaussian behavior, the approxi-
mated pdfs are likely to depart from this form especially in the tails. As studied in
Jain & van Waerbeke (1999), the measurement of the full pdf can potentially be used
a a probe of cosmology. Its low order properties describe deviations from Gaussianity
near the peak as opposed to the skewness which is more weighted to the tails.
2.4 The Galaxy-Mass Cross-Correlation
Our description for the galaxy power spectrum, see § 1.7, allows us to extend the
discussion to also consider cross-correlation between galaxies and mass. Such a cross-
power spectrum can be probed through the weak lensing shear-galaxy correlation
function. Here, observations involve the mean tangential shear due to graviational
lensing given by
〈γt(θ)〉 = −1
2
dκ¯(θ)
dlnθ
, (2.24)
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Figure 2.9 The SDSS galaxy-mass cross-correlation using galaxy-shear correlation
function. The halo model predictions are shown here as a function of maximum mass
for the dark matter halo used in the calculation: from top to bottom curves are for
1016, 1015, 1014 and 1013 M⊙. The data are from Fischer et al. (2000).
where κ¯(θ) is the mean convergence within a circular radius of θ (Squires & Kaiser
1996). Since the shear is correlated with foreground galaxy positions, one essentially
probe the galaxy-mass correlation such that
κ¯(θ) =
∫
drW lens(r)W gal(r)
∫
dkkPgalδ(k)
2J1(kdAθ)
kdAθ
(2.25)
and
〈γ(θ)〉 =
∫
drW lens(r)W gal(r)
∫
dkkPgalδ(k)J2(kdAθ) . (2.26)
Here, W lens is the lensing windown function introduced in Eq. 2.2, while W gal is the
normalized redshift distribution of foreground galaxies. Note that, in general, W lens
involves the redshift distribution of background sources beyond the simple single
source redshift assumption.
The tangential shear-foreground galaxy correlation has been measured in the Sloan
survey by Fischer et al. (2000) and we compare these measurements with predictions
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in Fig. 2.9. The observed measurements from the Sloan survey come only for field
galaxies, and thus, it is likely that the correlation function does not include any
contributions from massive halos and rather from medium to small mass halos that
contain one to few galaxies. Our predictions, where we see a lack of significant cor-
relation at large angular distances with the inclusion of massive halos, are consistent
with this observation. A more thorough study of the weak lensing shear-galaxy cross-
correlation, under the halo model, is available in Guzik & Seljak (2000) and we refer
the reader to this paper for further details.
2.5 Summary
We have presented an efficient method to calculate the non-Gaussian statistics of
lensing convergence at the three point level based on a description of the underlying
density field in terms of dark matter halos. The bispectrum contains all of the three
point information, including the skewness. The prior attempts at calculating lensing
bispectrum and skewness were limited by the accuracy of perturbative approximations
and the dynamic range and sample variance of simulations.
Though the present technique provides a clear and an efficient method to calculate
the statistics of the convergence field, it has its own shortcomings. Halos are not all
spherical, which can to some extent affect the configuration dependence in moments
higher than the two point level. Substructures due to mergers of halos can also intro-
duce scatter. Though such effects unlikely to dominate our calculations, further work
using numerical simulations will be necessary to determine to what extent present
method can be used as a precise tool to study the higher order statistics associated
with weak gravitational lensing.
The dark matter halo approach also allows one to study possible selection effects
that may be present in weak lensing observations due to the presence or absence of
rare massive halos in the small fields that are observed. We have shown that the weak
lensing skewness is mostly due to the most massive and rarest dark matter halos in
the universe. The effect of such halos is stronger at the three point level than the two
point level. The absence of massive halos, with masses greater than 1014 M⊙, leads
to a strong decrease in skewness, suggesting that a straightforward use of measured
skewness values as a test of cosmological models may not be appropriate unless prior
observations are available on the distribution of masses in observed lensing fields.
One can correct for such biases using the halo approach, however. To implement
such a correction in practice, further work will be needed to calibrate the technique
precisely against simulations across a wide range of cosmologies. Efficient techniques
to correct for mass biases both in the lensing power spectrum and bispectrum will
be needed. Alternatively, this technique can be used to search for generalized three
point statistics that are more robust to sampling issues. Given the great potential
to study the dark matter distribution through weak lensing, this issues merit further
study.
CHAPTER 3
WEAK GRAVITATIONAL LENSING COVARIANCE
3.1 General Definitions
As discussed in the previous section, weak lensing probes the statistical properties of
the shear field on the sky which is a weighted projection of the matter distribution
along the line of sight to the source galaxies. As such, observables can be reexpressed
as a scalar quantity, the convergence κ, on the sky.
The power spectrum and trispectrum of convergence are defined in the flat sky
approximation in the usual way
〈κ(l1)κ(l2)〉 = (2π)2δD(l12)Cκl ,
〈κ(l1) . . . κ(l4)〉c = (2π)2δD(l1234)T κ(l1, l2, l3, l4) . (3.1)
These are related to the density power spectrum and trispectrum by the projec-
tions (Kaiser 1992; Scoccimarro et al. 1999)
Cκl =
∫
dr
W (r)2
d2A
P
(
l
dA
; r
)
, (3.2)
T κ =
∫
dr
W (r)4
d6A
T
(
l1
dA
,
l2
dA
,
l3
dA
,
l4
dA
, ; r
)
, (3.3)
where r is the comoving distance and dA is the angular diameter distance with the
weight function defined in Eq. 2.3. For simplicity, we will assume rs = r(zs = 1).
For the purpose of this calculation, we assume that upcoming weak lensing con-
vergence power spectrum will measure binned logarithmic band powers at several li’s
in multipole space with bins of thickness δli.
Ci =
∫
si
d2l
Asi
l2
2π
κ(l)κ(−l) , (3.4)
where As(li) =
∫
d2l is the area of the two-dimensional shell in multipole and can be
written as As(li) = 2πliδli + π(δli)
2.
We can now write the signal covariance matrix as
Cij =
1
A
[
(2π)2
Asi
2C2i + T κij
]
, (3.5)
T κij =
∫
d2li
Asi
∫
d2lj
Asj
l2i l
2
j
(2π)2
T κ(li,−li, lj ,−lj) , (3.6)
where A is the area of the survey in steradians. Again the first term is the Gaussian
contribution to the sample variance and the second the non-Gaussian contribution.
A realistic survey will also have shot noise variance due to the finite number of source
galaxies in the survey. We will return to this point in the §3.3.
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Figure 3.1 Weak lensing convergence (a) power spectrum and (b) trispectrum under
the halo description. Also shown in (a) is the prediction from the PD nonlinear power
spectrum fitting function. We have separated individual contributions under the halo
approach and have assumed that all sources are at zs = 1. We have also shown the
shot noise contribution to the power spectrum assuming a survey down to a limiting
magnitude of R ∼ 25 with an intrinsic rms shear of 0.4 in each component.
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3.2 Comparisons
Using the halo model, we can now calculate contributions to lensing convergence
power spectrum and trispectrum. The power spectrum, shown in Fig. 3.1(a), shows
the same behavior as the density field when compared with the PD results: a slight
overprediction of power when l & 103. This results through the distribution of the
concentration-mass relation from simulations by Bullock et al (2000); In comparison
to the previous chapter, we now include the full information on concentration from
simulations to be complete instead of the fitting function for concentration which
results in the recovery of PD non-linear power spectrum for dark matter. As shown in
Fig. 3.1(a), the differences arising from variations in the concentration-mass relations
are not likely to be observable given the shot noise from the finite number of galaxies
at small scales.
In Fig 3.1(b), we show the scaled trispectrum
∆κsq(l) =
l2
2π
T κ(l,−l, l⊥,−l⊥)1/3 . (3.7)
where l⊥ = l and l · l⊥ = 0. The projected lensing trispectrum again shows the same
behavior as the density field trispectrum with similar conditions on ki’s.
We can now use this trispectrum to study the contributions to the covariance,
which is what we are primarily concerned here. In Fig. 3.2a, we show the fractional
error,
∆Ci
Ci ≡
√
Cii
Ci , (3.8)
for bands li given in Table 3.1 following the binning scheme used by White & Hu
(1999) on 6◦ × 6◦ fields.
The dashed line compares that with the Gaussian errors, involving the first term
in the covariance (Eq. 3.6). At multipoles of a few hundred and greater, the non-
Gaussian term begins to dominate the contributions. For this reason, the errors are
well approximated by simply taking the Gaussian and single halo contributions.
In Fig. 3.2(b), we compare these results with those of the White & Hu (1999)
simulations. The decrease in errors from the simulations at small l reflects finite
box effects that convert variance to covariance as the fundamental mode in the box
becomes comparable to the bandwidth.
The correlation between the bands is given by
Cˆij ≡ Cij√
CiiCjj
. (3.9)
In Table 3.1 we compare the halo predictions to the simulations by White & Hu
(1999). The upper triangle here is the correlations under the halo approach, while the
lower triangle shows the correlations found in numerical simulations. The correlations
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Figure 3.2 The fractional errors in the measurements of the convergence band powers.
In (a), we show the fractional errors under the Gaussian approximation, the full halo
description, the Gaussian plus single halo term, and the Gaussian plus shot noise
term (see §3.3). As shown, the additional variance can be modeled with the single
halo piece while shot noise generally becomes dominant before non-Gaussian effects
become large. In (b), we compare the halo model with simulations from White & Hu
(1999). The decrease in the variance at small l in the simulations is due to the
conversion of variance to covariance by the finite box size of the simulations.
along individual columns increase (as one goes to large l’s or small angular scales)
consistent with simulations. In Fig. 3.3, we show the correlation coefficients with (a)
and without (b) the Gaussian contribution to the diagonal.
We show in Fig. 3.3(a) the behavior of the correlation coefficient between a fixed
lj as a function of li. When li = lj the coefficient is 1 by definition. Due to the
presence of the dominant Gaussian contribution at li = lj, the coefficient has an
apparent discontinuity between li = lj and li = lj−1 that decreases as lj increases and
non-Gaussian effects dominate.
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ℓbin 138 194 271 378 529 739 1031 1440 2012
138 1.00 0.08 0.10 0.11 0.12 0.12 0.12 0.11 0.11
194 (0.31) 1.00 0.14 0.17 0.18 0.18 0.17 0.16 0.15
271 (0.21) (0.26) 1.00 0.24 0.25 0.25 0.24 0.22 0.21
378 (0.09) (0.24) (0.38) 1.00 0.33 0.33 0.32 0.30 0.28
529 (0.14) (0.28) (0.33) (0.45) 1.00 0.42 0.40 0.37 0.35
739 (0.16) (0.17) (0.34) (0.38) (0.50) 1.00 0.48 0.45 0.42
1031 (0.18) (0.15) (0.27) (0.33) (0.48) (0.54) 1.00 0.52 0.48
1440 (0.15) (0.19) (0.19) (0.32) (0.36) (0.53) (0.57) 1.00 0.54
2012 (0.22) (0.16) (0.32) (0.27) (0.46) (0.50) (0.61) (0.65) 1.00
Table 3.1 Covariance of the binned power spectrum when sources are at a redshift of
1. Upper triangle displays the covariance found under the halo model. Lower triangle
(parenthetical numbers) displays the covariance found in numerical simulations by
White & Hu (1999). To be consistent with these simulations, we use the same binning
scheme as the one used there.
To better understand this behavior it is useful to isolate the purely non-Gaussian
correlation coefficient
CˆNGij =
Tij√
TiiTij
. (3.10)
As shown in Fig. 3.3(b), the coefficient remains constant for li ≪ lj and smoothly
increases to unity across a transition scale that is related to where the single halo
terms starts to contribute. A comparison of Fig. 3.3(b) and 2.1(b), shows that this
transition happens around l of few hundred to 1000. Once the power spectrum is
dominated by correlations in single halos, the fixed profile of the halos will correlate
the power in all the modes. The multiple halo terms on the other hand correlate
linear and non-linear scales but at a level that is generally negligible compared with
the Gaussian variance.
The behavior seen in the halo based covariance, however, is not present when
the covariance is calculated with hierarchical arguments for the trispectrum (see,
Scoccimarro et al. 1999). With hierarchical arguments, which are by construction
only valid in the deeply nonlinear regime, one predicts correlations which are, in
general, constant across all scales and shows no decrease in correlations between
very small and very large scales. Such hierarchical models also violate the Schwarz
inequality with correlations greater than 1 between large and small scales (e.g.,
Scoccimarro et al. 1999; Hamilton 2000). The halo model, however, shows a decrease
in correlations similar to numerical simulations suggesting that the halo model, at
least qualitatively, provides a better approach to studying non-Gaussian correlations
in the translinear regime.
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Figure 3.3 (a) The correlation coefficient, Cˆij as a function of the multipole li with
lj as shown in the figure. We show the correlations calculated with the full halo
model and also with only the single halo term for lj = 77072. In (b), we show the
non-Gaussian correlation coefficient CˆNGij , which only involves the trispectrum (see,
Eq. 3.10). The transition to full correlation is due to the domination of the single
halo contribution.
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3.3 Effect on Parameter Estimation
Modeling or measuring the covariance matrix of the power spectrum estimates will
be essential for interpreting observational results. In the absence of many fields where
the covariance can be estimated directly from the data, the halo model provides a
useful, albeit model dependent, quantification of the covariance. As a practical ap-
proach one could imagine taking the variances estimated from the survey under a
Gaussian approximation, but which accounts for uneven sampling and edge effects
(Hu & White 2000), and scaling it up by the non-Gaussian to Gaussian variance
ratio of the halo model along with inclusion of the band power correlations. Ad-
ditionally, it is in principle possible to use the expected correlations from the halo
model to decorrelate individual band power measurements, similar to studies involv-
ing CMB temperature anisotropy and galaxy power spectra (e.g., Hamilton 1997;
Hamilton & Tegmark 2000).
We can estimate the resulting effects on cosmological parameter estimation with an
analogous procedure on the Fisher matrix. In Hu & Tegmark (1999), the potential of
wide-field lensing surveys to measure cosmological parameters was investigated using
the Gaussian approximation of a diagonal covariance and Fisher matrix techniques.
The Fisher matrix is simply a projection of the covariance matrix onto the basis of
cosmological parameters pi
Fαβ =
∑
ij
∂Ci
∂pα
(C−1tot )ij
∂Cj
∂pβ
, (3.11)
where the total covariance includes both the signal and noise covariance. Under the
approximation of Gaussian shot noise, this reduces to replacing Cκl → Cκl + CSNl in
the expressions leading up to the covariance Eq. 3.6. The shot noise power spectrum
is given by
CSNl =
〈γ2int〉
n¯
, (3.12)
where 〈γint〉1/2 ∼ 0.4 is the rms noise per component introduced by intrinsic elliptici-
ties and measurement errors and n¯ ∼ 6.6× 108 sr−1 is the surface number density of
background source galaxies. The numerical values here are appropriate for surveys
that reach a limiting magnitude in R ∼ 25 (e.g., Smail et al 1995).
Under the approximation that there are a sufficient number of modes in the band
powers that the distribution of power spectrum estimates is approximately Gaussian,
the Fisher matrix quantifies the best possible errors on cosmological parameters that
can be achieved by a given survey. In particular F−1 is the optimal covariance matrix
of the parameters and (F−1)
1/2
ii is the optimal error on the ith parameter. Implicit in
this approximation of the Fisher matrix is the neglect of information from the cosmo-
logical parameter dependence of the covariance matrix of the band powers themselves.
Since the covariance is much less than the mean power, we expect this information
content to be small.
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In order to estimate the effect of non-Gaussianities on the cosmological parameters,
we calculate the Fisher matrix elements using our fiducial ΛCDM cosmological model
and define the dark matter density field, today, as
∆2(k) = A2
(
k
H0
)ns+3
T 2(k) . (3.13)
Here, A is the amplitude of the present day density fluctuations and ns is the tilt at
the Hubble scale. The density power spectrum is evolved to higher redshifts using
the growth function G(z) (Peebles 1980) and the transfer function T (k) is calculated
using the fitting functions from Eisenstein & Hu (1999). Since we are only interested
in the relative effect of non-Gaussianities, we restrict ourselves to a small subset of
the cosmological parameters considered by Hu & Tegmark (1999) and assume a full
sky survey with fsky = 1.
pi ΩΛ ln A ΩK ns Ωmh
2
ΩΛ 1.57 -5.96 -1.39 4.41 -1.76
ln A 25.89 5.83 -17.34 6.74
ΩK 1.41 -3.81 1.43
ns 14.01 -6.03
Ωmh
2 2.67
pi ΩΛ ln A ΩK ns Ωmh
2
ΩΛ 2.03 -7.84 -1.82 5.76 -2.30
ln A 33.92 7.65 -22.79 8.91
ΩK 1.78 -5.01 1.95
ns 18.43 -7.85
Ωmh
2 3.44
Table 3.2 Inverse Fisher matrix under the Gaussian assumption (top) and the halo
model (bottom). The error on an individual parameter is the square root of the diag-
onal element of the Fisher matrix for the parameter while off-diagonal entries of the
inverse Fisher matrix shows correlations, and, thus, degeneracies, between parame-
ters. We have assumed a full sky survey (fsky = 1) with parameters as described in
§ 3.3.
In Table 3.2, we show the inverse Fisher matrices determined under the Gaussian
and non-Gaussian covariances, respectively. For the purpose of this calculation, we
adopt the binning scheme as shown in Table 3.1, following White & Hu (1999). The
Gaussian errors are computed using the same scheme by setting T κ = 0. As shown in
Table 3.2, the inclusion of non-Gaussianities lead to an increase in the inverse Fisher
matrix elements. We compare the errors on individual parameters, mainly (F−1)
1/2
ii ,
between the Gaussian and non-Gaussian assumptions in Table 3.3. The errors increase
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typically by∼ 15%. Note also that band power correlations do not necessarily increase
cosmological parameter errors. Correlations induced by non-linear gravity introduce
larger errors in the overall amplitude of the power spectrum measurements but have
a much smaller effect on those parameters controlling the shape of the spectrum.
For a survey of this assumed depth, the shot noise power becomes the dominant
error before the non-Gaussian signal effects dominate over the Gaussian ones. For
a deeper survey with better imaging, such as the one planned with Large-aperture
Synoptic Survey Telescope (LSST; Tyson & Angel 2000)1, the effect of shot noise
decreases and non-Gaussianity is potentially more important. However, the non-
Gaussianity itself also decreases with survey depth, and as we now discuss, in terms
of the effect of non-Gaussianities, deeper surveys should be preferred over the shallow
ones.
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Figure 3.4 The ratio of non-Gaussian to Gaussian contributions, R, as a function of
source redshift (zs). The solid lines are through the exact calculation (Eq. 3.15) while
the dotted lines are using the approximation given in Eq. 3.16. Here, we show the
ratio R for three multipoles corresponding to large, medium and small angular scales.
The multipole binning is kept constant such that δl ∼ l. Decreasing this bin size will
linearly decrease the value of R.
1http://www.dmtelescope.org
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3.4 Scaling Relations
To better understand how the non-Gaussian contribution scale with our assumptions,
we consider the ratio of non-Gaussian variance to the Gaussian variance
Cii
CGii
= 1 +R , (3.14)
with
R ≡ AsiT
κ
ii
(2π)22C2i
. (3.15)
Under the assumption that contributions to lensing convergence can be written through
an effective distance r⋆, at half the angular diameter distance to background sources,
and a width ∆r for the lensing window function, the ratio of lensing convergence
trispectrum and power spectrum contribution to the variance can be further simpli-
fied to
R ∼ Asi
(2π)2Veff
T¯ (r⋆)
2P¯ 2(r⋆)
. (3.16)
Since the lensing window function peaks at r⋆, we have replaced the integral over the
window function of the density field trispectrum and power spectrum by its value
at the peak. This ratio shows how the relative contribution from non-Gaussianities
scale with survey parameters: (a) increasing the bin size, through Asi (∝ δl), leads
to an increase in the non-Gaussian contribution linearly, (b) increasing the source
redshift, through the effective volume of lenses in the survey (Veff ∼ r2⋆∆r), decreases
the non-Gaussian contribution, while (c) the growth of the density field trispectrum
and power spectrum, through the ratio T¯ /P¯ 2, decreases the contribution as one moves
to a higher redshift. The volume factor quantifies the number of foreground halos in
the survey that effectively act as gravitational lenses for background sources; as the
number of such halos is increased, the non-Gaussianities are reduced by the central
limit theorem.
In Fig. 3.4, we summarize our results as a function of source redshift with li ∼
102, 103 and 104 and setting the bin width such that As(li) ∼ l2i , or δl ∼ l. As shown,
increasing the source redshift leads to a decrease in the non-Gaussian contribution
to the variance. The prediction based on the simplifications in Eq. 3.16 tend to
overestimate the non-Gaussianity at lower redshifts while underestimates it at higher
redshifts, though the exact transition depends on the angular scale of interest; this
behavior can be understood due to the fact that we do not consider the full lensing
window function but only the contributions at an effective redshift, midway between
the observer and sources.
In order to determine whether its the increase in volume or the decrease in
the growth of structures that lead to a decrease in the relative importance of non-
Gaussianities as one moves to a higher source redshift, we calculated the non-Gaussian
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to Gaussian variance ratio under the halo model for several source redshifts and sur-
vey volumes. Up to source redshifts ∼ 1.5, the increase in volume decreases the
non-Gaussian contribution significantly. When surveys are sensitive to sources at
redshifts beyond 1.5, the increase in volume becomes less significant and the decrease
in the growth of structures begin to be important in decreasing the non-Gaussian
contribution. Since, in the deeply non-linear regime, T¯ /P¯ 2 scales with redshift as the
cube of the growth factor, this behavior is consistent with the overall redshift scaling
of the volume and growth.
The importance of the non-Gaussianity to the variance also scales linearly with bin
width. As one increases the bin width the covariance induced by the non-Gaussianity
manifests itself as increased variance relative to the Gaussian case. The normalization
of R is therefore somewhat arbitrary in that it depends on the binning scheme, i.e.
R ≪ 1 does not necessarily mean non-Gaussianity can be entirely neglected when
summing over all the bins. The scaling with redshift and the overall scaling of the
variance with the survey area A is not. One way to get around the increased non-
Gaussianity associated with shallow surveys, is to have it sample a wide patch of sky
since Cii ∝ (1+R)/A. This relation tells us the trade off between designing an survey
to go wide instead of deep. One should bear in mind though that not only will shallow
surveys have decreasing number densities of source galaxies and hence increasing shot
noise, they will also suffer more from the decreasing amplitude of the signal itself and
the increasing import ance of systematic effects, including the intrinsic correlations of
galaxy shapes (e.g., Catelan et al 2000; Croft & Metzler 2000; Heavens et al. 2000).
These problems tilt the balance more towards deep but narrow surveys than the naive
statistical scaling would suggest.
ΩΛ ln A Ωk ns Ωmh
2
Gaussian 0.039 0.160 0.037 0.118 0.051
Full 0.045 0.184 0.042 0.135 0.058
Increase (%) 15.3 15 13.5 14.4 13.7
Table 3.3 Parameter errors, (F−1)
1/2
ii , under the Gaussian assumption (top) and the
halo model (bottom) and following the inverse-Fisher matrices in Table 3. We have
assumed a full sky survey (fsky = 1) with parameters as described in § 3.3.
3.5 Conclusions
Weak gravitational lensing due to large scale structure provides important informa-
tion on the evolution of clustering and angular diameter distances and therefore,
cosmological parameters. This information complements what can be learned from
cosmic microwave background anisotropy observations. The tremendous progress on
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the observational front warrants detailed studies of the statistical properties of the
lensing observables and their use in constraining cosmological models.
The non-linear growth of large-scale structure induces high order correlations in
the derived shear and convergence fields. In this work, we have studied the four
point correlations in the fields. Four point statistics are special in that they quan-
tify the errors in the determination of the two point statistics. To interpret future
lensing measurements on the power spectrum, it will be essential to have an accurate
assessment of the correlation between the measurements.
Using the halo model for clustering, we have provided a semi-analytical method to
calculate the four point function of the lensing convergence as well as the dark matter
density field. We have tested this model against numerical N -body simulations of the
power spectrum covariance in both the density and convergence fields and obtained
good agreement. As such, this method provides a practical means of estimating the
error matrix from future surveys in the absence of sufficiently large fields where it
may be estimated directly from the data or large suites of N -body
simulations where it can be quantified in a given model context. Eventually a
test of whether the covariance matrix estimated from the data and the theory agree
may even provide further cosmological constraints. This method may also be used
to study other aspects of the four point function in lensing and any field whose
relation to the dark matter density field can be modeled. Given the approximate
nature of these approximations, each potential use must be tested against simulations.
Nonetheless, the halo model provides the most intuitive and extensible means to study
non-Gaussianity in the cosmological context currently known.
CHAPTER 4
THERMAL SUNYAEV-ZEL’DOVICH EFFECT
4.1 Introduction
In recent years, increasing attention has been given to the physical properties of
the intergalactic warm and hot plasma gas distribution associated with large scale
structure and the possibility of its detection (e.g., Cen & Ostriker 1999). It is now
widely believed that at least ∼ 50% of the present day baryons, when compared to the
total baryon density through big bang nucleosynthesis, are present in this warm gas
distribution and have remained undetected given its nature (e.g., Fukugita et al 1998).
Currently proposed methods for the detection of this gas with include observations
of the thermal diffuse X-ray emission (e.g., Pierre et al. 2000), associated X-ray and
UV absorption and emission lines (e.g., Tripp et al. 2000) and resulting Sunyaev-
Zel’dovich (SZ; Sunyaev & Zel’dovich 1980) effect (e.g., Cooray et al. 2000a).
The SZ effect arises from the inverse-Compton scattering of CMB photons by hot
electrons along the line of sight. This effect has now been directly imaged towards
massive galaxy clusters (e.g., Carlstrom et al. 1996; Jones et al 1993), where the tem-
perature of the scattering medium can reach as high as 10 keV, producing temperature
changes in the CMB of order 1 mK at Rayleigh-Jeans wavelengths. Previous ana-
lytical predictions of the resulting SZ effect due to large scale structure have been
based on either through a Press-Schechter (PS; Press & Schechter 1974) description
of the contributing galaxy clusters (e.g., Cole & Kaiser 1988; Komatsu & Kitayama
1999) or using a biased description of the pressure power spectrum with respect to
the dark matter density field (e.g., Cooray et al. 2000a). Numerical simulations (e.g.,
da Silva et al. 1999; Refregier et al. 1999; Seljak et al. 2000; Springel et al. 2000) are
beginning to improve some of these analytical predictions, but are still limited to
handful of simulations with limited dynamical range and resolution. Therefore, it is
important that one consider improving analytical models of the large scale structure
SZ effect, and provide predictions which can be easily tested through simulations.
Our present study on the large scale baryon pressure and the resulting SZ effect
is timely for two main reasons. First, the improvements in hydrodynamical simula-
tions now allow detailed predictions on the statistics of pressure power spectrum and
resulting SZ effect (e.g., Springel et al. 2000; Refregier & Teyssier 2001). The numer-
ical studies are easily extendable to higher order correlations through models such as
the halo based one advocated here. Here, we extend previous analytical and numer-
ical studies by considering the full power spectrum, bispectrum, and trispectrum of
pressure fluctuations. The pressure correlations contain all necessary information on
the large scale distribution of temperature weighted baryons, whereas, the thermal
SZ angular power spectrum is only a redshift projected measurement of the pressure
power spectrum. This can be compared to weak gravitational lensing, where lensing
is a direct probe of the projected dark matter density distribution. The bispectrum
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of pressure fluctuations, and SZ bispectrum, contains all the information present at
the three-point level, whereas conventional statistics, such as skewness, do not. An
useful advantage of using three-dimensional statistics, such as the pressure power
spectrum, is that they can directly compared to numerical simulations, while only
two-dimensional statistics, such as the projected pressure power spectrum along the
line of sight, basically the SZ power spectrum, can only be observed. Our approach
here is to consider both such that our calculations can eventually be compared to
both simulations and observations.
The calculation of pressure power spectrum and higher order correlations requires
detailed knowledge on the baryon distribution, which can eventually be obtained
numerically through hydrodynamical simulations. Here, we provide an analytical
technique to obtain the pressure power spectrum, bispectrum and trispectrum by ex-
tending the dark matter halo approach. The baryons are assumed to be in hydrostatic
equilibrium with respect to dark matter distribution, which is a valid assumption,
at least for the high mass halos that have been observed with X-ray instruments,
given the existence of regularity relations between cluster baryon and dark matter
physical properties (e.g., Mohr & Evrard 1997). We take a description of the tem-
perature structure of electrons involving the virial temperature. When estimating
astrophysical parameters from the SZ effect, we will consider an an additional source
of non-gravitational energy, independent of mass and redshift. The latter considera-
tion allows the possibility for a secondary source of energy for baryons, such as due to
preheating through stellar formation and feedback processes. Numerical simulations
(e.g., Cen & Ostriker 1999; Pen 1999), as well observations (e.g., David et al. 1995;
Renzini 1997), suggest the existence of such an energy source.
The second reason why this study is timely is that the progress in the experi-
mental front strongly suggests possibilities for detailed observational studies of the
SZ power spectrum and higher order correlations. Given that the SZ effect also
bears a spectral signature that differs from other temperature fluctuations, SZ con-
tribution can be separated in upcoming multifrequency CMB data. As discussed
in detail in Cooray et al. (2000a), a multi-frequency approach can easily be applied
to current Boomerang (de Bernardis et al. 2000), and upcoming MAP1 and Planck
surveyor2 missions. At small angular scales, though a wide-field SZ image, is yet to
be produced, several experiments are now working towards this goal. These experi-
mental attempts include the interferometric survey by Carlstrom et al. (1996) at the
combined BIMA/OVRO array (CARMA), the MINT interferometer (Lyman Page,
private communication), and the BOLOCAM array on the Caltech Submillimeter
Observatory (Andrew Lange, private communication).
In the present Chapter, we discuss the SZ effect and address what astrophysical
properties can be deduced with a measurement of the SZ power spectrum. For this,
we require detailed knowledge on the covariance of the SZ power spectrum beyond the
1http://map.nasa.gsfc.gov
2http://astro.estec.esa.nl/Planck/; also, ESA D/SCI(6)3.
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simple Gaussian assumptions for the variance. Given that the SZ effect probes the
projected pressure distribution in the local universe, its statistical properties reflect
those of pressure. As discussed in detail in Cooray (2000), the statistics of large
scale structure pressure is highly non-Gaussian due to the associated non-linearities.
We have previously shown that the SZ effect has a significant skewness associated
with it, primarily given that the large scale pressure power spectrum is associated
with massive halos, which are rare and discrete. The same non-Gaussianities also
induce a four-point correlation function in pressure, which in return, can be used to
study the correlations in the pressure power spectrum due to resulting non-Gaussian
covariance. This is is analogous to the dark matter covariance correlations discussed in
Meiksin & White (1999) and Scoccimarro et al. (1999), using numerical simulations,
and in Cooray & Hu (2001b) using the halo model. The pressure trispectrum is
also of interest since it determines the covariance of the thermal SZ power spectrum
measurements. Again, this is analogous to the covariance we recently discussed for
weak gravitational lensing (Cooray & Hu 2001b) resulting from the trispectrum of
dark matter due to non-linear clustering at low redshifts and the covariance discussed
in Eisenstein & Zaldarriaga (2001) for the APM galaxy power spectrum.
In order to calculate the covariance associated with SZ power spectrum measure-
ments, we extend the semi-analytical model presented in Cooray (2000) and calculate
the pressure trispectrum. Here, we show that the SZ effect is highly non-Gaussian at
all scales of interest and that these non-Gaussianities correlate the SZ power spectrum
measurements significantly. The full covariance matrix now allows us to quantify the
astrophysical abilities of SZ measurements as a probe of gas and its temperature prop-
erties. Previous to this study, we were unable to perform a detailed calculation on
how well SZ effect probe gas and temperature properties due to the unknown covari-
ance associated with the effect. We also briefly discuss some aspects of the clustering
of SZ halos and suggest a useful way to obtain an average value of halo mass, as a
function of redshift, through the correlation function and bias.
4.2 Frequency Separation
The main obstacle for the detection of the SZ effect from large-scale structure for an-
gular scales above a few arcminutes is the CMB itself. Here the primary anisotropies
dominate the SZ effect for frequencies near and below the peak in the CMB spectrum
(see Fig. 4.2). Fortunately, the known frequency dependence and statistical proper-
ties of primary anisotropies allows for extremely effective subtraction of their con-
tribution (e.g., Hobson et al 1998; Bouchet & Gispert 1999). In particular, primary
anisotropies obey Gaussian statistics and follow the blackbody spectrum precisely.
Perhaps more worrying are the galactic and extragalactic foregrounds, some of
which are expected to to be at least comparable to the SZ signal in each frequency
band. These foregrounds typically have spatial and/or temporal variations in their
frequency dependence leading to imperfect correlations between their contributions
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Figure 4.1 Frequency dependence of the SZ effect at a multipole of l ∼ 5000. Here, we
show the absolute value of temperature relative to the thermal CMB spectrum. For
comparison, we also show the temperature fluctuations due to point sources (both
radio at low frequencies and fra-infrared sources at high frequencies; solid line), galac-
tic synchrotron (long dashed line), galactic free-free (dotted line) and galactic dust
(short dashed line). At small angular scales, frequencies around 50 to 100 GHz is
ideal for a SZ experiment.
in different frequency bands. We attempt here to provide as realistic an estimate
as possible of the prospects for CMB and foreground removal, given our incomplete
understanding of the foregrounds. In Fig. 4.1, we summarize our knowledge on the
frequency dependence of the SZ, CMB and other foreground contaminants. Here,
we consider a small angular scale experiments and all effects are scaled relative to
the thermal CMB spectrum. Other than CMB, the only well known spectral depen-
dence in this plot is the SZ effect. To avoid complications in plotting, we only show
the absolute value of temperature here, but, it should be understood that the SZ
effect produces a decrement below the null frequency (∼ 217 GHz) and an increment
thereafter.
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Figure 4.2 Top: foreground contributions to temperature anisotropies (∆T/T )2 =
l(l + 1)Cl/2π from the various foregrounds (dust, free-free, synchrotron, radio and
infrared point sources, and rotating dust) at three fiducial frequencies as labeled. The
SZ signal (solid, unlabeled) is estimated with a simplified biased tracer model (see,
Cooray et al. 2000a). Bottom: residual foregrounds after multifrequency subtraction
for Boomerang, MAP and Planck. The total includes detector noise and residual
CMB.
4.2.1 Foreground Model and Removal
We use the “MID” foreground model of Tegmark et al. (1999) and adapt the subtrac-
tion techniques found there for the purpose of extracting the SZ signal. The assumed
level of the foreground signal in the power spectrum for three fiducial frequencies is
shown in Fig. 4.2.
The foreground model is defined in terms of the covariance between the multipole
moments at different frequency bands3〈
af∗l′m′(ν
′)aflm(ν)
〉
= C fl (ν
′, ν)δll′δmm′ , (4.1)
3A potential caveat for this type of modeling is that it assumes the foregrounds are statistically
isotropic whereas we know that the presence of the Galaxy violates this assumption at least for the
low order multipoles. We assume that 1− fsky ∼ 0.35 of the sky is lost to this assumption even with
an all-sky experiment.
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Experiment ν FWHM 106∆T/T
Boomerang 90 20 7.4
150 12 5.7
240 12 10
400 12 80
MAP 22 56 4.1
30 41 5.7
40 28 8.2
60 21 11.0
90 13 18.3
Planck 30 33 1.6
44 23 2.4
70 14 3.6
100 10 4.3
100 10.7 1.7
143 8.0 2.0
217 5.5 4.3
353 5.0 14.4
545 5.0 147
857 5.0 6670
Table 4.1 Specifications used for Boomerang, MAP and Planck. Full width at half
maxima (FWHM) of the beams are in arcminutes and should be converted to radians
for the noise formula. Boomerang covers a fraction ∼ 2.6% of the sky, while we
assume a usable fraction of 65% for MAP and Planck.
in thermodynamic temperature units as set by the CMB blackbody. In this section, we
will speak of the primary anisotropies and detector noise simply as other foregrounds
with very special properties:
CCMBl (ν
′, ν) = Cl ,
Cnoisel (ν
′, ν) = 8 ln 2θ(ν)2eθ
2(ν)l(l+1)
(
∆T
T
)2 ∣∣∣
noise
δν,ν′ .
(4.2)
The FWHM=
√
8 ln 2θ and noise specifications of the Boomerang, MAP and Planck
frequency channels are given in Tab. 1. True foregrounds generally fall in between
these extremes of perfect and no frequency correlation.
The difference between extracting the SZ signal and the primary signal is simply
that one performs the subtraction referenced to the SZ frequency dependence
s(ν) = 2− x
2
coth
x
2
, (4.3)
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Figure 4.3 Dependence of the residual noise rms on foreground assumptions expressed
as a ratio to the fiducial model of Fig. 4.2. (a) Falsely assuming the foregrounds have
perfect frequency coherence not only underpredicts the residual noise by a substantial
factor but also leads to substantially more actual residual noise. (b) Multiplying the
foreground amplitudes by 2 (power by 4) produces less than a factor of 2 increase in
the residual noise.
where x = hν/kTcmb ≈ ν/56.8GHz. Note that in the RJ limit s(ν)→ 1 such that
CSZl (ν, ν
′) = s(ν)s(ν ′)CSZl (4.4)
where CSZl is the SZ power spectrum in the RJ limit.
Consider an arbitrary linear combination of the channels,
b =
∑
νi
1
s(νi)
w(νi)a(νi) , (4.5)
where we will normalize the sum of the weights to unity
∑
w(νi) = 1 to obtain an
unbiased estimator of the RJ multipoles. Since the subtraction is done multipole by
multipole, we have temporarily suppressed the multipole index. The covariance of
this quantity is 〈
b2
〉
= CSZ[
∑
νi
w(νi)]
2 +
∑
νi,νj
w(νi)w(νj)C˜(νi, νj) , (4.6)
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where the scaled foreground covariance matrix is
C˜(νi, νj) ≡
∑
f
C˜ f(νi, νj) =
∑
f
C f(νi, νj)
s(νi)s(νj)
. (4.7)
Minimizing the variance contributed by the foregrounds subject to the constraint that
the SZ estimation be unbiased, we obtain∑
νi
w(νj)C˜(νi, νj) = const. (4.8)
whose solution is w ∝ C˜−1e, where e(νi) = 1. The constant of proportionality is
fixed by the condition
∑
w(νi) = 1, i.e.
w(νi) =
∑
νj
C˜−1(νi, νj)∑
νk,νj
C˜−1(νk, νj)
. (4.9)
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Figure 4.4 Detection thresholds for the SZ effect. Error boxes represent the 1-σ rms
residual noise in multipole bands and can be interpreted as the detection threshold.
Also shown (dotted) is the level of the primary anisotropies that have been sub-
tracted with the technique and the signal (dashed) expected in the simplified model
of Cooray et al. (2000a).
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4.2.2 Detection Threshold
The residual noise variance from each foreground component is then
N fl =
∑
νi,νj
wl(νi)wl(νj)C˜
f
l (νi, νj) . (4.10)
with the total
Nl =
∑
f
N fl , (4.11)
where we have restored the multipole index.
Note that the residual noise in the map is independent of assumptions about the SZ
signal including whether it is Gaussian or not. However if the foregrounds themselves
are non-Gaussian, then this technique only minimizes the variance and may not be
optimal for recovery of non-Gaussian features in the SZ map itself. Bouchet et al
(1995) have shown that similar techniques are quite effective even when confronted
with non-Gaussian foregrounds. This is a potential caveat especially for cases in
which the residual noise is not dominated by the primary anisotropies or detector
noise.
The residual noise sets the detection threshold for the SZ effect for a given exper-
iment. In Fig. 4.2, we show the rms of the residual noise after foreground subtraction
for the Boomerang, MAP and Planck experiments assuming the “MID” foreground
model from Tegmark et al. (1999). With the Boomerang and Planck channels, elim-
ination of the primary anisotropies is excellent up to the beam scale where detector
noise dominates. As expected, the MAP channels, which are all on the RJ side of the
spectrum, do not allow good elimination of the primary anisotropies.
It is important not to assume that the foregrounds are perfectly correlated in
frequency, which is the usual assumption in the literature (e.g., Hobson et al 1998).
There are two types of errors incurred by doing so. The first is that one underpredicts
the amount of residual noise in the SZ map (see Fig. 4.3). The second is that if one
calculates the optimal weights in Eq. 4.9 based on this assumption the actual residual
noise increases. For Planck it can actually increase the noise beyond the level in
which it appears in the 100GHz maps with no foreground subtraction at all. The
reason is that the cleaning algorithm then erroneously uses the contaminated high
and low frequency channels to subtract out the small foreground contamination in
the central channels. In Planck, the difference between the predicted and actual rms
noise from falsely assuming perfect frequency coherence can be more than two orders
of magnitude.
For Boomerang and Planck, the largest residual noise component, aside from de-
tector noise, is dust emission and is sufficiently large that one might worry that current
uncertainties in our knowledge of the foreground model may affect the implications
for the detection of the SZ effect. It is therefore important to explore variations on
our fiducial foreground model.
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Multiplying the foreground rms amplitudes uniformly by a factor of 2 (and hence
the power by a factor of 4), produces less than a factor of 2 increase in the residual
noise rms as shown in Fig. 4.3. Likewise, as discussed in Tegmark et al. (1999),
minor variations in the frequency coherence do not effect the residual noise much in
spite of the fact that it is crucial not to assume perfect correlation. We conclude
that uncertainties in the properties of currently known foregrounds are unlikely to
change our conclusions qualitatively. There is however always the possibility that
some foreground that does not appear in the currently-measured frequency bands
will affect our results.
The fact that the residual dust contributions are comparable to those of the de-
tector noise for Boomerang and Planck is problematic for another reason. Since the
algorithm minimizes to total residual variance, it attempts to keep these two main
contributors roughly comparable. However the dust will clearly be non-Gaussian to
some extent and one may prefer instead to trade more residual detector noise for
dust contamination. One can modify the subtraction algorithm to account for this
by artificially increasing the rms amplitude of the dust when calculating the weights
in Eq. 4.9 while using the real amplitude in calculating the residual noise in Eq. 4.10.
For example we have explored increasing the amplitude by a factor of 4 (power by
16) for the weights. The result is an almost negligible increase in total residual noise
rms but an improvement in dust rejection by a factor of 3-4 in rms. For Planck
this brings the ratio of dust to total rms to ∼ 10% and recall that the noise adds in
quadrature so that the total dust contribution is really ∼ 1% of the total. This more
conservative approach is thus advisable but since it leaves the total residual noise
rms essentially unchanged, we will adopt the minimum variance noise to estimate the
detection threshold.
Fig. 4.2 directly tells us the detection threshold per (l, m) multipole moment.
Since the SZ signal is likely to have a smooth power spectrum in l, one can average
over bands in l to beat down the residual noise. Assuming Gaussian-statistics, the
residual noise variance 2N2l for the power spectrum estimate is then given by
N−2l
∣∣∣
band
= fsky
∑
lband
(2l + 1)N−2l , (4.12)
where fsky accounts for the reduction of the number of independent modes due to the
fraction of sky covered. The result for the three experiments is shown in Fig. 4.4. In
the absence of a detection, they can be interpreted as the optimal 1 σ upper limits
on SZ bandpowers achievable by the experiment. Boomerang and MAP can place
upper limits on the SZ signal in the interesting µK regime whereas Planck can detect
signals well below a µK.
This noise averaging procedure in principle implicitly assumes that the statistical
properties of the residual noise, and by implication the full covariance matrix of the
other foregrounds, is precisely known. In reality, they too must be estimated from
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the multifrequency data itself through either through the subtraction techniques dis-
cussed here or by direct modeling of the foregrounds in the maps. Tegmark et al.
(1999) found that direct modeling of the foregrounds with hundreds of fitted param-
eters did not appreciably degrade our ability to extract the properties of the primary
anisotropies. The main source of variance there was the cosmic variance of the pri-
mary anisotropies themselves whose properties are precisely known. Similarly here
the main source of residual variance is either the primary anisotropies (for MAP) or
detector noise (for Boomerang and Planck) and their statistical properties may safely
be considered known.
4.2.3 Discussion
We have studied the prospects for extracting the statistical properties of the Sunyaev-
Zel’dovich (SZ) effect associated with hot gas in large-scale structure using upcoming
multifrequency CMB experiments. This gas currently remains undetected but may
comprise a substantial fraction of the present day baryons. The SZ effect has a
distinct spectral dependence with a null at a frequency of ∼ 217 GHz compared with
true temperature anisotropies. This frequency dependence is what allows for effective
separation of the SZ contribution with multifrequency CMB measurements.
As examples, we have employed the frequency and noise specifications of the
Boomerang, MAP, Planck experiments. The MAP satellite only covers frequencies at
RJ part of the frequency spectrum. Consequently, only Boomerang and Planck can
take full advantage of multifrequency separation of the SZ and primary anisotropies.
We have evaluated the detection threshold for SZ power spectrum measurements (see
Fig. 4.4). In Fig. 4.5, we demonstrate the ability of Planck mission to produce a
map of the SZ effect using the frequency information. Boomerang and MAP should
provide limits on the degree scale fluctuations at the several µK level in rms; Planck
should be able to detect sub µK signals. This statement is independent of our as-
sumptions about the SZ effect, including the non-Gaussianity. The exact detection
threshold, however, depends on the assumptions associated with foreground distribu-
tion, including whether the foregrounds can be modeled as a Gaussian distribution.
In the next few sections, we will turn to the question on the exact SZ contribution.
Since at large scales, the SZ effect can be well modeled with a model in which gas
traces the density field with a bias, we can use such a simplified approach to obtain
an order of magnitude estimate on the signal-to-noise for the detection of the SZ
power spectrum (see, Cooray et al. 2000a). We summarize our results in Fig. 4.6. As
shown, Planck mission as the greatest potential to detect the SZ effect at large scales
while MAP and Boomerang allow useful upper limits on few sigma detections.
In the next section, we use the basic fact that SZ effect traces pressure fluctua-
tions in the universe and study clustering properties of large scale pressure under the
halo model. We use these predictions for pressure power spectrum and higher order
correlations to study the angular power spectrum, bispectrum and trispectrum of the
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Figure 4.5 Recovery of the SZ signal with Planck. Top-Left: SZ effect in the ΛCDM
assuming pressure traces dark matter density field with a scale independent bias.
The field is 6◦ × 6◦ and the range of the map is −100µK, 25µK with an rms of
9µK and has an approximate angular resolution of 2′. Note the lack of obvious
filamentary structures. Form top-left to to bottom-left, model SZ signal with first
map smoothed with a top-hat of radius 20′, signal + noise from primary anisotropies
and foregrounds, and final recovered map from Planck.
SZ effect.
76
10 100 1000
 l
10−2
10−1
100
101
102
103
S/
N
Planck
MAP
Boomerang
Perf
ect
Figure 4.6 Cumulative signal-to-noise in the measurement of the SZ power spectrum
with Boomerang, MAP and Planck as a function of maximum l. The solid line is
the maximum signal-to-noise achievable in a perfect experiment with no instrumental
noise and full-sky coverage.
4.3 Clustering Properties of Pressure
Following Scoccimarro et al. (1999), we can relate the trispectrum to the variance of
the estimator of the binned power spectrum
Pˆi =
1
V
∫
si
d3k
Vsi
Π∗(−k)Π(k) , (4.13)
where the integral is over a shell in k-space centered around ki, Vsi ≈ 4πk2i δk is the
volume of the shell and V is the volume of the survey. Recalling that δ(0)→ V/(2π)3
for a finite volume,
Cij ≡
〈
PˆiPˆj
〉
−
〈
Pˆi
〉〈
Pˆj
〉
=
1
V
[
(2π)3
Vsi
2P 2i δij + T
Π
ij
]
, (4.14)
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where
TΠij ≡
∫
si
d3ki
Vsi
∫
sj
d3kj
Vsj
TΠ(ki,−ki,kj ,−kj) . (4.15)
Notice that though both terms scale in the same way with the volume of the
survey, only the Gaussian piece necessarily decreases with the volume of the shell.
For the Gaussian piece, the sampling error reduces to a simple root-N mode counting
of independent modes in a shell. The trispectrum quantifies the non-independence of
the modes both within a shell and between shells. Calculating the covariance matrix
of the power spectrum estimates reduces to averaging the elements of the trispectrum
across configurations in the shell.
k 0.06 0.07 0.09 0.11 0.14 0.17 0.21 0.25 0.31
0.05 1.00 0.65 0.73 0.74 0.74 0.71 0.70 0.68 0.68
0.07 (0.06) 1.00 0.81 0.87 0.87 0.85 0.83 0.82 0.81
0.09 (0.12) (0.10) 1.00 0.90 0.93 0.92 0.90 0.89 0.88
0.11 (0.18) (0.19) (0.16) 1.00 0.95 0.96 0.95 0.93 0.93
0.14 (0.25) (0.30) (0.29) (0.28) 1.00 0.98 0.97 0.96 0.95
0.17 (0.30) (0.37) (0.37) (0.43) (0.43) 1.00 0.98 0.97 0.96
0.21 (0.33) (0.33) (0.41) (0.54) (0.58) (0.59) 1.00 0.98 0.97
0.25 (0.34) (0.34) (0.42) (0.58) (0.69) (0.74) (0.75) 1.00 0.99
0.31 (0.33) (0.33) (0.41) (0.57) (0.70) (0.78) (0.84) (0.86) 1.00√
Cii
CGii Π
1.29 1.64 1.95 2.24 3.58 6.09 9.27 16.4 21.2√
Cii
CGii δ
1.02 1.03 1.04 1.07 1.14 1.23 1.38 1.61 1.90
Table 4.2 Diagonal normalized covariance matrix of the binned pressure (upper tri-
angle) and dark matter density field (lower triangle) power spectrum with k values
in units of h Mpc−1. Lower triangle (parenthetical numbers) displays the covariance
from halo model in Cooray & Hu (2001b). Final line shows the fractional increase in
the errors (root diagonal covariance) due to non-Gaussianity as calculated under the
halo model for pressure and dark matter density field.
4.3.1 Discussion
In Fig. 4.7(a), we show the logarithmic power spectrum of pressure and dark matter
such that ∆2(k) = k3P (k)/2π2 with contributions broken down to the 1h and 2h terms
today. As shown, the pressure power spectrum depicts an increase in power relative
to the dark matter at scales out to few h Mpc−1, and a decrease thereafter. The
decrease in power at small scales can be understood through the relative contribution
to pressure as a function of the halo mass.
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Figure 4.7 The pressure power spectrum (a) and the cross-power spectrum between
pressure and dark matter (b) today (z = 0) broken into individual contributions
under the halo description. The lines labeled ’bias’ and “correlations” shows the
pressure bias and correlation relative to the dark matter power spectrum under the
halo model. The pressure behaves such that it correlates well with dark matter at
large scales while there is a breakdown in this correlation at small scales.
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Figure 4.8 The pressure bispectrum (a) and the trispectrum today (z = 0) broken into
individual contributions under the halo description. Here, we show the equilateral
configuration for the bispectrum and square configuration for the trispectrum. For
comparison, we also show the dark matter bispectrum and trispectrum, under the
halo model, for the same configurations.
In Fig. 4.9, we break the total dark matter power spectrum (a) and the total
pressure power spectrum (b), to a function of mass. As shown, contributions to both
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Figure 4.9 The mass dependence on the dark matter power spectrum (a) and pressure
power spectrum (b). Here, we show the total contribution broken in mass limits as
written on the figure. As shown in (a), the large scale contribution to the dark matter
power comes from massive halos while small mass halos contribute at small scales.
For the pressure, in (b), only massive halos above a mass of 1014 Msun contribute to
the power.
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dark matter and pressure comes from massive halos at large scales and by small mass
halos at small scales. The pressure power spectrum is such that through temperature
weighing, with Te ∝ M2/3 dependence, the contribution from low mass halos to
pressure is suppressed relative to that from the high mass end. Thus, the pressure
power spectrum, at all scales of interest, can be easily described with halos of mass
greater than 1014 M⊙. A comparison of the dark matter and pressure power spectra,
as a function of mass, in Fig. 4.9 reveals that the turn over in the pressure power
spectrum results at an effective scale radius for halos with mass greater than 1014
M⊙. We refer the reader to Cooray (2000) for further details on the pressure power
spectrum and its properties.
Similar to the electron temperature dependence on mass in pressure, the descrip-
tion of the galaxy power spectrum under the halo model, as discussed in § 1.7, is such
that the number of galaxies as a function of mass has a functional description given
by Ngal ∝Mα with α ∼ 0.7 to 0.8 (see, Scoccimarro et al. 2000). However, there is a
significant contribution from low mass halos at small angular scales since the descrip-
tion allows the formation of at least one galaxy in halo down to some low mass limit.
Thus, contrary to the behavior in pressure, one finds that there is significant low halo
mass contribution to the galaxy power spectrum. We can increase the contribution
from low mass halos if we allow for a minimum temperature in electrons, such as
due to non-gravitational or so-called preheating. Though we do not include such a
minimum temperature here, we will address how one can observationally determine
such a minimum temperature for electrons later.
For the covariance of pressure, and also for the covariance of the SZ power spec-
trum, we are mainly interested in terms of the pressure trispectrum involving config-
urations that result in TΠ(k1,−k1,k2,−k2), i.e. parallelograms which are defined by
either the length k12 or the angle between k1 and k2. For illustration purposes we
will take k1 = k2 and the angle to be 90
◦ (k2 = k⊥) such that the parallelogram is a
square. It is then convenient to define
∆2Πsq(k) ≡
k3
2π2
T
1/3
Π (k,−k,k⊥,−k⊥) , (4.16)
such that this quantity scales roughly as the logarithmic power spectrum itself ∆2(k).
This spectrum is shown in Fig. 4.8(b) with the individual contributions from the
1h, 2h, 3h, 4h terms shown. As shown, almost all contributions to the pressure
trispectrum come from the single halo term.
Using the pressure trispectrum, we can now predict the pressure covariance and,
more appropriately, correlations in the binned measurements of the pressure. The
predictions made here with the halo model to describe pressure can easily be tested
in numerical simulations and the accuracy of the halo model can be further studied.
For this purpose, we calculate the covariance matrix Cij from Eq. 4.15 with the bins
centered at ki and volume Vsi = 4πk
2
i δki. The binning scheme used here is the one we
utilized in Cooray & Hu (2001b) to calculate the binned dark matter power spectrum
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correlations.
In Table 4.2, we tabulate the pressure (upper triangle), and for comparison dark
matter (lower triangle), correlation coefficients
Cˆij =
Cij√
CiiCjj
. (4.17)
The dark matter correlations are from the halo based predictions by Cooray & Hu
(2001b). There, for the dark matter, we suggested that the halo model predicted
correlations agree with numerical simulations of Meiksin & White (1999) typically
better than ±0.1, even in the region where non-Gaussian effects dominate, and that
the the qualitative features such as the increase in correlations across the non-linear
scale are preserved. As we do not have measurements of the pressure correlations
from simulations, we cannot perform a detailed comparison on the accuracy of the
halo model predictions for pressure here.
A further test on the accuracy of the halo approach is to consider higher order
real-space moments such as the skewness and kurtosis. In Cooray (2000), we discussed
the SZ skewness under the halo model. As discussed in detail by Refregier & Teyssier
(2001), halo model predictions agree remarkably well with numerical simulations,
especially for the pressure and SZ power spectra, though, detailed comparisons still
remain to be made with respect to bispectrum and trispectrum.
Even though the dark matter halo formalism provides a physically motivated
means of calculating the statistics of the dark matter density field and associated
properties such as pressure, there are several limitations of the approach that should
be borne in mind when interpreting results. The approach assumes all halos to share
a parameterized spherically-symmetric profile and this assumption is likely to affect
detailed results on the configuration dependence of the bispectrum and trispectrum.
Since we are considering a weighted average of configurations, our predictions pre-
sented here may be insufficient to establish the validity of the trispectrum modeling
in general. Further numerical work is required to quantify to what extent the present
approach reproduces simulation results for the full trispectrum. We do not consider
such comparisons here, other than to suggest that the halo model has provided, at
least qualitatively, a consistent description better than any of the arguments involving
a biased description of gas tracing the dark matter etc.
4.4 SZ Power Spectrum, Bispectrum and Trispectrum
The Sunyaev-Zel’dovich (SZ; Sunyaev & Zel’dovich 1980) effect arises from the inverse-
Compton scattering of CMB photons by hot electrons along the line of sight. The
temperature decrement along the line of sight due to SZ effect can be written as the
integral of pressure along the same line of sight
y ≡ ∆T
TCMB
= g(x)
∫
dra(r)
kBσT
mec2
ne(r)Te(r) (4.18)
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Figure 4.10 The angular power spectra of SZ thermal and kinetic effects. As shown
in (a), the thermal SZ effect is dominated by individual halos, and thus, by the
single halo term, while the kinetic effect is dominated by the large scale structure
correlations depicted by the 2-halo term. In (b), we show the mass dependence of the
SZ thermal and kinetic effects with a maximum mass of 1016 and 1013 M⊙. The SZ
thermal effect is strongly dependent on the maximum mass, while due to large scale
correlations, kinetic effect is not.
where σT is the Thomson cross-section, ne is the electron number density, r is the
comoving distance, and g(x) = xcoth(x/2)− 4 with x = hν/kBTCMB is the spectral
shape of SZ effect. At Rayleigh-Jeans (RJ) part of the CMB, g(x) = −2. For the rest
of this paper, we assume observations in the Rayleigh-Jeans regime of the spectrum;
an experiment such as Planck with sensitivity beyond the peak of the spectrum can
separate out these contributions based on the spectral signature, g(x) (Cooray et al.
2000a).
The SZ power spectrum, bispectrum and trispectrum are defined in the flat sky
approximation in the usual way
〈y(l1)y(l2)〉 = (2π)2δD(l12)CSZl ,
〈y(l1)y(l2)y(l3)〉c = (2π)2δD(l123)BSZ(l1, l2, l3) ,
〈y(l1) . . . y(l4)〉c = (2π)2δD(l1234)T SZ(l1, l2, l3, l4) . (4.19)
These can be written as a redshift projection of the pressure power spectrum, bispec-
84
trum and trispectrum, respectively:
CSZl =
∫
dr
W SZ(r)2
d2A
P tΠ
(
l
dA
, r
)
, (4.20)
BSZ =
∫
dr
W SZ(r)3
d4A
BΠ
(
l1
dA
,
l2
dA
,
l3
dA
, ; r
)
,
T SZ =
∫
dr
W SZ(r)4
d6A
TΠ
(
l1
dA
,
l2
dA
,
l3
dA
,
l4
dA
, ; r
)
. (4.21)
Here, dA is the angular diameter distance. At RJ part of the frequency spectrum, the
SZ weight function is
W SZ(r) = −2 kBσT n¯e
a(r)2mec2
(4.22)
where n¯e is the mean electron density today. In deriving Eq. 4.21, we have used the
Limber approximation Limber by setting k = l/dA and flat-sky approximation.
4.4.1 Discussion
In Fig. 4.10(a), we show the SZ power spectrum due to baryons present in virialized
halos. As shown, most of the contributions to SZ power spectrum comes from in-
dividual massive halos, while the halo-halo correlations only contribute at a level of
10% at large angular scales. This is contrary to, say, the lensing convergence power
spectrum discussed in Cooray et al (2000b), where most of the power at large an-
gular scales is due to the halo-halo correlations. The difference can be understood
by noting that the SZ effect is strongly sensitive to the most massive halos due to
T ∝ M2/3 dependence in temperature and to a lesser, but somewhat related, extent
that its weight function increases towards low redshifts. The lensing weight function
selectively probes the large scale dark matter density power spectrum at comoving
distances half to that of background sources (z ∼ 0.2 to 0.5 when sources are at a
redshift of 1), but has no extra dependence on mass. The fact that the SZ power
spectrum results mainly from the single halo term also results in a sharp reduction
of power when the maximum mass used in the calculation is varied. For example, as
discussed in Cooray (2000) and illustrated in Fig 4.10(b), with the maximum mass
decreased from 1016 to 1013 M⊙, the SZ power spectrum reduced by a factor nearly
two orders of magnitude in large scales and an order of magnitude at l ∼ 104.
In addition to the halo model, we can also consider another semianalytic approach
to calculate the SZ power spectrum using a filtered version of the non-linear dark mat-
ter power spectrum. It is well known that the non-linear effects generally enhances
power at small scales, though, due to pressure cut-off clustering of pressure is not
expected to occur down to smallest scales. In fact, Pen (1999), based on his simula-
tions and numerical calculations, argue that large scale structure gas does not cluster
at scales less than ∼ 850 kpc. Similar cutoffs due to pressure has also been studied
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Figure 4.11 Flat band power in the fiducial ΛCDM model with the pressure power
spectrum related to a filtered version of the non-linear dark matter power spectrum
(dotted lines). From top to bottom kF =∞, 10, 5, 2, 1, 0.5, 0.2. With a dashed line, we
have also shown the SZ power spectrum derived in typical numerical simulations (e.g.,
Seljak et al. 2000). The solid line shows the prediction based on the halo approach.
We also plot the 68% confidence on a preliminary detection of anisotropies at small
angular scales using the BIMA interferometer by Dawson et al. (2000).
in Gnedin & Hui (1998) using various filtering mechanisms. To get a qualitative un-
derstanding of any filtering effects of the gas power spectrum on the SZ effect, we
consider a simple filtered version of the gas power spectrum given by
P filΠ (k) = exp(−k2/k2F )b2ΠPδ(k) (4.23)
where kF is the filtering scale and bΠ is the large scale bias of pressure related to
the non-linear dark matter power spectrum. Here, we use the constant bias value
at large scales. The resulting temperature fluctuations for the SZ power spectrum
for various numerical values of kF are shown in Fig. 4.11. For comparison, we also
show prediction based on the halo model and predictions generally from numerical
simulations; Note that simulations underestimate the SZ effect at large scales due
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Figure 4.12 SZ bispectrum (a) and trispectrum (b) for configurations that involve
equilateral triangles and squares, respectively, under the halo model. As shown,
single halo term dominates the contribution to bispectrum and trispectrum at all
multipoles ranging from large angular scales to small angular scales. The dependence
on the single halo term is consistent with the general non-Gaussian behavior of the
SZ effect and its significant non-linearity.
to numerical issues related to volume of the simulation and resolution. As shown,
a constant bias with a filtering scheme for the non-linear power spectrum does not
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fully produce the halo model. Of course, if one uses the scale dependent bias (as
shown in Fig. 4.7), the non-linear dark matter power spectrum produces the SZ
effect with no filtering. In Fig. 4.11, we also show a recent preliminary detection of
the temperature fluctuations at small angular scales by Dawson et al. (2000). With
improvements in the experimental side, it is likely that future measurements of the
SZ power spectrum will greatly constrain the underlying physics that generate the
temperature fluctuations. We will discuss such a possibility with the generation of
the full SZ covariance, including non-Gaussianities.
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Figure 4.13 The fractional errors in the measurements of the SZ band powers. Here, we
show the fractional errors under the Gaussian approximation, and the total including
non-Gaussianities. As shown, the total contribution as a function of mass is sensitive
to the presence of most massive halos in the universe. The non-Gaussian term is
essentially dominated by the single halo term.
4.5 SZ Power Spectrum Covariance
For the purpose of this calculation, we assume that upcoming weak lensing conver-
gence power spectrum will measure binned logarithmic band powers at several li’s in
multipole space with bins of thickness δli.
Ci =
∫
si
d2l
Asi
l2
2π
y(l)y(−l) , (4.24)
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Figure 4.14 The non-Gaussian correlation coefficient CˆNGij , of the SZ power spectrum,
involving only the configuration of the SZ trispectrum that contribute to the SZ power
spectrum covariance (see, Eq. 4.30). The correlations are such that they tend to 1
as li → lj and is fully described by the contribution to the trispectrum by the single
halo term.
where As(li) =
∫
d2l is the area of the two-dimensional shell in multipole and can be
written as As(li) = 2πliδli + π(δli)
2.
We can now write the signal covariance matrix as
Cij =
1
A
[
(2π)2
Asi
2C2i + T SZij
]
, (4.25)
T SZij =
∫
d2li
Asi
∫
d2lj
Asj
l2i l
2
j
(2π)2
T SZ(li,−li, lj,−lj) , (4.26)
where A is the area of the survey in steradians. Again the first term is the Gaussian
contribution to the sample variance and the second term is the non-Gaussian con-
tribution. A realistic survey will also have an additional noise variance due to the
instrumental effects and a covariance resulting from the uncertainties associated with
the separation of the SZ effect from thermal CMB and other foregrounds.
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ℓbin 529 739 1031 1440 2012 2802 3905 5432 7568
529 1.00 0.88 0.69 0.48 0.30 0.17 0.17 0.11 0.07
739 (0.00) 1.00 0.88 0.68 0.49 0.38 0.28 0.20 0.13
1031 (0.00) (0.00) 1.00 0.87 0.68 0.56 0.43 0.31 0.21
1440 (0.00) (0.00) (0.00) 1.00 0.88 0.69 0.61 0.45 0.31
2012 (0.00) (0.00) (0.01) (0.05) 1.00 0.88 0.69 0.60 0.42
2802 (0.00) (0.00) (0.02) (0.09) (0.39) 1.00 0.88 0.70 0.56
3905 (0.00) (0.00) (0.02) (0.08) (0.36) (0.84) 1.00 0.87 0.70
5432 (0.00) (0.00) (0.01) (0.06) (0.29) (0.65) (0.86) 1.00 0.88
7568 (0.00) (0.00) (0.01) (0.04) (0.20) (0.53) (0.70) (0.88) 1.00
Table 4.3 Covariance of the binned power spectrum for the SZ effect. Upper triangle
displays the covariance found when a perfect frequency cleaned SZ map is used to de-
termine the SZ power spectrum. Lower triangle (parenthetical numbers) displays the
covariance found when the variance is dominated by the primary anisotropy contribu-
tion, as in a measurement of the SZ power spectrum in a CMB primary fluctuations
dominated map.
In Fig 4.12(b), we show the scaled trispectrum
∆SZsq (l) =
l2
2π
T SZ(l,−l, l⊥,−l⊥)1/3 . (4.27)
where l⊥ = l and l · l⊥ = 0. The projected SZ trispectrum again shows the same
behavior as the pressure trispectrum with similar conditions on ki’s. As shown,
the contributions to the trispectrum essentially comes from the single halo term at
all multipoles. This is consistent with our observation that SZ power spectrum is
essentially dominated by the correlations of pressure within halos. As discussed in
Cooray (2000), and shown in Fig. 4.12(a), the SZ bispectrum, shown here for the
equilateral triangular configuration such that l1 = l2 = l3 = l, is also dominated by
the single halo term. Given this dependence on the single halo term, for the rest
of the discussion involving SZ covariance, we will only use the single halo term and
ignore the contributions arising from large scale correlations associated with halos.
We can now use this trispectrum to study the contributions to the covariance,
which is what we are primarily concerned here. In Fig. 4.13, we show the fractional
error,
∆Ci
Ci ≡
√
Cii
Ci , (4.28)
for bands li given in Table 4.3 following the binning scheme used in Cooray & Hu
(2001b) for the weak lensing power spectrum.
In Fig. 4.13, the dashed line shows the Gaussian error while the solid line shows the
total covariance with the addition of the SZ trispectrum (Eq. 4.26). At all multipoles,
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the non-Gaussianities from the trispectrum dominates the variance. As we discussed
for the power spectrum, however, a reduction in the maximum mass of the halos used
for the SZ calculation leads to a sharp decreases in the non-Gaussianities. With a
mass cut at 1014 M⊙, shown by the dotted line, we see that the total variance is
consistent with the Gaussian variance out to l ∼ 1000.
We can now write the correlation between the bands as
Cˆij ≡ Cij√
CiiCjj
. (4.29)
In Table 4.3 we tabulate the SZ correlations under the assumption that the SZ power
spectrum is measured independently, say in a frequency cleaned map, (upper triangle)
and is measured in the CMB primary dominated map (lower triangle). The corre-
lations along individual columns increase (as one goes to large l’s or small angular
scales) and the maximum values are reached at l ∼ 5000 consistent with the general
behavior of the trispectrum.
In Fig. 4.14, we show the non-Gaussian trispectrum correlation coefficient given
by
CˆNGij =
Tij√
TiiTij
. (4.30)
As shown here, the coefficient increases to higher l to a maximum value of unity.
The gradual increase is consistent with the fact that at all scales its the single halo
term that dominates the non-Gaussian contribution. Since the power spectrum is
dominated by correlations in single halos, the fixed profile of the halos correlate the
power in all the modes and the correlations between adjacent modes are significant.
The calculation, or experimental measurement, of the full SZ covariance is nec-
essary for the interpretation of observational results on the power spectrum. The
upcoming SZ surveys, where the power spectrum will be measured, is likely to be
limited to a small area on the sky. Thus, in the absence of many fields where the
covariance can be estimated directly from the data, the halo model based approach
suggested here provides a useful, albeit model dependent, quantification of the covari-
ance. As suggested for weak lensing observations in Hu & White (2000) and discussed
in Cooray & Hu (2001b), as a practical approach one could imagine taking the vari-
ances estimated from the survey under a Gaussian approximation, after accounting for
uneven sampling and edge effects, and scaling it up by the non-Gaussian to Gaussian
variance ratio of the halo model along with inclusion of the band power correlations.
Additionally, using the covariance as the one calculated here, one can use the ap-
proach well known in the fields of CMB and galaxy power spectrum measurements
to decorrelate band powers (e.g., Hamilton 1997; Hamilton & Tegmark 2000).
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4.6 Astrophysical Uses of the SZ Power Spectrum
The calculation of the full covariance matrix now allows us to study how well the SZ
power spectrum measures certain astrophysical and cosmological parameters. The
upcoming CMB power spectrum measurements, complemented by the related local
universe observations such as the galaxy power spectrum or supernovae, are expected
to constrain most of the cosmological parameters to a reasonable accuracy (e.g.,
Eisenstein et al. 2000). Thus, we ignore the possibility that the SZ effect can be used
as a probe of cosmology and only concentrate on the astrophysical uses of the SZ effect.
This is a reasonable approach to take since there are many unknown astrophysics
associated with the SZ effect involving the clustering of gas and its temperature. Such
an approach allows us not to complicate the parameter measurements by adding both
astrophysical and cosmological parameters. Assuming the cosmology will be safely
known, we now ask the question what additional astrophysical parameters one can
hope to extract from the SZ effect under the present halo model.
There are many approaches to parameterize the unknown astrophysics of the SZ
power spectrum. Some possibilities have already been suggested in the literature,
essentially involving the gas evolution (e.g., Holder & Carlstrom 1999; Majumdar
2001). Since the SZ effect involves both gas and temperature as a product, ie. the
pressure, one may be led to conclude that it is not possible to separate effects asso-
ciated with temperature from those associated with gas. Given the dependence of
temperature on the pressure profile, independent of gas, however, it is expected that
this degeneracy between gas properties and temperature effects can be partly broken.
As discussed earlier, the clustering of pressure power spectrum has a turnover
corresponding to an equivalent scale radius of pressure. Through the gas pressure
profile, this turn over can be characterized by the parameter b and the dark matter
scale radius rs. Note that b ∝ 1/Te, so its measurement is essentially a probe of the
electron temperature, though, it is unlikely that one can obtain all information on
temperature and its evolution from one parameter measurement. Thus, instead of b,
we take temperature itself to be one interesting astrophysical parameter and consider
its evolution such that
T (M, z) = T0
(
M
1015h−1M⊙
)T1
(1 + z)Tevol + Tmin . (4.31)
Here, the four parameters represent the temperature-mass normalization, T0, which
in the fiducial case has the value given by the virial equation, the mass dependence
slope, T1, with a fiducial value of 2/3, an redshift dependent evolutionary parameter,
Tevol, with a fiducial value of 1, and a minimum temperature for gas independent of
mass and redshift Tmin, with a value of zero in the fiducial case. This latter parameter
accounts for any possible preheating of gas before virializing in halos due to effects
associated with some unknown astrophysics, such as the reionization process. A
measurement of Tmin would be interesting given that observational data from clusters
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to cluster groups suggest possible preheating of gas before virialization in halos. We
note here that a redshift independent value for Tmin may be too extreme since one
expects preheating temperature to vary with redshift and mass such that all three
parameters, T0, T1 and Tevol, are affected. Still, we interested in the possibility of
knowing how well we can establish a mass independent temperature value such as
Tmin through the SZ angular power spectrum. In Fig. 4.15, we show the variation
in the redshift evolution of the density weighted temperature of electrons about the
fiducial model. The density weight temperature was calculated following Eq. 1.64.
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Figure 4.15 The variation in the density weighted temperature of electron as a function
of redshift. The solid line shows the redshift evolution of the temperature under the
fiducial model while variations about this model are shown as labeled.
In addition to the temperature, the SZ effect also depends on the number density
of electrons in clusters. So far, we have considered this number through the universal
baryon fraction in the universe such that fg ≡ Mg/Mδ = Ωg/Ωm. This assumption
ignores any possible effects associated with the evolution of the gas fraction in halos,
independent of any evolution that may be associated with temperature. It’ll be
interesting to study to what extent future observations will allow the measurement
of the fraction of baryons that is responsible for the SZ effect, and any evolution that
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may be associated with this fraction. Thus, a second set of parameters one can hope
to extract from SZ observations involves gas mass fraction of halos and its evolution.
To study such gas properties, we parameterize the gas mass fraction such that
fg = f0
(
M
1015h−1M⊙
)f1
(1 + z)fevol . (4.32)
In a recent paper, Majumdar (2001) has suggested the strong possibility a measure-
ment of any mass and redshift dependence of gas mass fraction in clusters, given that
the SZ power spectrum was observed to vary significantly with changes in these two
parameters. Since the SZ power spectrum essentially is sensitive to ∼ f 2gT 2e , how-
ever, such a suggestion for measurement of gas evolution is not independent of any
variations associated with temperature, which was ignored in the study of Majumdar
(2001; also, Holder & Carlstrom 1999). Our general parameterization above involv-
ing both temperature and gas allows us to quantify how well independent statements
can be made on possible measurement of gas density and temperature evolution, un-
der the assumption that cosmology is known. Note that gas evolution is not present
in our fiducial model since we take the gas fraction to be independent of mass and
redshift with f1 = 0 and fevol = 0, respectively.
We now have a total of seven parameters we wish to extract from a measurement
of the SZ power spectrum. In order to perform this calculation we take a Fisher
matrix based approach. The Fisher matrix is simply a projection of the covariance
matrix onto the basis of astrophysical parameters pi (see, Eq. 3.11). Note that under
the approximation of Gaussian shot noise, the covariance reduces to replacing CSZl →
CSZl + C
Noise
l in the expressions leading up to the covariance Eq. 4.26. The noise
power spectrum includes the noise associated with detectors, beam size and variance
resulting from the separation of the SZ effect from other temperature fluctuations in
multifrequency data.
Under the approximation that there are a sufficient number of modes in the band
powers that the distribution of power spectrum estimates is approximately Gaussian,
the Fisher matrix quantifies the best possible errors on cosmological parameters that
can be achieved by a given survey. In particular F−1 is the optimal covariance matrix
of the parameters and (F−1)
1/2
ii is the optimal error on the ith parameter. Implicit in
this approximation of the Fisher matrix is the neglect of information from the param-
eter dependence of the covariance matrix of the band powers themselves. We neglect
this information due to computational restrictions on the calculation of covariance for
all variations in parameters within a reasonable amount of time. We do not expect
this exclusion to change our results significantly. Also, here, we are mostly interested
in an order of magnitude estimate on how well the SZ power spectrum can constrain
astrophysics associated with large scale pressure.
The Fisher matrix approach allows us to address how well degeneracies are bro-
ken in the parameter space and under the assumption of a fiducial model for the
parameters. For the purpose of this calculation, we take binned measurements of the
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SZ power spectrum following the binning scheme in Table 2. We consider a perfect
SZ experiment with no noise contribution to the covariance and observations out to
l ∼ 104. To consider a real world scenario, we also study the astrophysical uses of the
SZ power spectrum that can be extracted from the Planck mission. Here, we use the
SZ noise power spectrum calculated for Planck with detector noise and uncertainties
in the separation of SZ from CMB and other foreground in Cooray et al. (2000a).
This SZ noise power spectrum is shown in Fig. 4.10(b).
pi T0 T1 Tevol Tmin f0 f1 fevol
T0 8.80 1.32 3.67 -1.93 -0.21 -1.69 -3.36
T1 0.51 1.08 -0.18 -0.04 -0.41 -0.07
Tevol 2.69 -0.62 -0.11 -0.94 -2.11
Tmin 0.48 0.04 0.29 0.67
f0 0.006 0.05 0.09
f1 0.39 0.73
fevol 1.67
Table 4.4 Inverse Fisher matrix (×102) for the SZ effect with seven parameters and
full non-Gaussian errors. The error on an individual parameter is the square root of
the diagonal element of the Fisher matrix for the parameter while off-diagonal entries
of the inverse Fisher matrix shows correlations, and, thus, degeneracies, between
parameters. We have assumed a perfect experiment with a full sky survey (fsky = 1).
The seven parameters are described in § 3.3.
4.6.1 Discussion
In Fig. 4.16, we show the variation associated with SZ temperature fluctuations writ-
ten such that ∆T =
√
l(l + 1)/(2π)ClTCMB for six of the seven parameters involved
with gas, from (a) to (c), and temperature, (d) to (f), evolution. These plots allow us
to understand some of the degeneracies associated with the description. For exam-
ple, as shown, the gas and temperature redshift evolution essentially predicts similar
behavior for the SZ temperature fluctuation, though there are minor differences due
to the temperature dependence on the pressure profiles of halos. For the most part,
variations due to temperature evolution is due to the normalization and not due to
variations in the profile shape. In (b) and (e), we show variations due to the mass
slope of the gas evolution and temperature evolution, respectively. Here again, we
see similar behavior. When the slope of the mass-temperature relation, as a func-
tion of mass, is greater than 0.7, we see significant differences, especially involving
an increase in temperature fluctuations at small scales. This is due to the relatively
increasing weighing of small mass halos.
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Figure 4.16 The temperature fluctuations of the SZ effect through variations in the
astrophysical parameters under the halo model. From (a) to (c), we show the varia-
tions associated with gas evolution while from (d) to (f), we show variations involved
with temperature. The parameters are described in § 3.3.
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In (c) and (f), we show variations associated with gas evolution normalization f0
and temperature-mass normalization T0. The variation associated with f0 is easily
understood since the effect is only a change in the overall normalization of the power
spectrum. The variation with temperature-mass normalization shows both effects
due to normalization and the profile. When the normalization is low, gas clusters to
small radii in low mass halos leading to an increase in power at small scales. As the
temperature normalization is increased, gas profile varies such that there is a reduction
in small scale power and the angular multipole of the turn-over scale shifts to low
values. When the temperature normalization is sufficiently high, the overall weighing
resulting from the overall temperature multiplicative factor becomes important. Now,
the power spectrum behaves as a simple normalization change, similar to the variation
in power due to gas evolution normalization. As shown in Fig. 4.16(a) to (f), there
are significant degeneracies involved with astrophysical parameters that lead to the
SZ effect.
In Table 4.5, we tabulate the errors on these seven parameters using the inverse
Fisher matrix for a possible SZ power spectrum measurement. Here, we have con-
sidered the possibility that parameter extraction will be limited to 3, 5 and 7 pa-
rameters. The increase in number of parameters to be measured from a SZ power
spectrum increases degeneracies associated with the set of parameters resulting in
their accuracies. In the case of the 3 parameters involving temperature-mass normal-
ization, T0, a minimum temperature for all halos Tmin, and the gas mass fraction f0,
in a perfect experiment, all three parameters can be extracted such that they will
be provide essentially very strong constraints. For example, the error on f0 is such
that one can identify the gas fraction of clusters responsible for SZ effect from the
cosmic mean of Ωg/Ωm = 0.05/0.3 with an error of 4 × 10−4. With Planck, one can
constrain the preheating temperature at the level of ∼ 0.75 keV, and since current
predictions for possible preheating is also at the level of few tenths keV, Planck SZ
power spectrum can either confirm or put a useful limit on preheating temperature
at current expectations.
As tabulated, however, the accuracy to which parameters can be determined from
SZ power spectrum reduces significantly when the number of parameters to be deter-
mined is increased. For example, Planck mission will only set a limit at ∼ 1.7 keV, if
one were to study both the mass and redshift dependence of electron temperatures.
Such an upper limit is unlikely to be useful for current studies related to preheating
of gas. Given that we cannot obtain useful errors with Planck for 5 parameters, we
suggest that Planck may not be useful for the purpose of studying the full parameter
space suggested here. This is understandable since Planck only allows the measure-
ment of the SZ power spectrum out to l ∼ 1500, while most of the variations due to
parameters under discussion here happens at l ∼ 5000 where the turnover in the SZ
power spectrum is observed. The Planck mission, however, allows one to obtain rea-
sonable errors on parameters which generally define the normalization of the power
spectrum, such as the temperature-mass normalization or the normalization of gas
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mass fraction. The normalization for gas mass fraction from Planck will be useful for
the purpose of understanding what fraction of cosmic baryons reside in massive halos
and contribute to the SZ effect and to look for any discrepancy of such a value from
the total baryon content predicted by big bang nucleosynthesis arguments. In order
to obtain reliable measurements of evolution of gas and temperature, a small scale
experiment sensitive to multipoles out to l ∼ 104 will be necessary.
For a perfect experiment, we show the errors on seven parameters also in Table 4.5.
The inverse Fisher matrix in this case is tabulated in Table 4.4. The diagonals of the
inverse Fisher matrix show the variance of individual parameters, while, more impor-
tantly, the off diagonals show the covariance between parameters. These covariances
allow one to understand the degeneracies between parameters. In Table 4.5, we show
the full extent to which parameters degrade the accuracies by tabulating degrada-
tion factors associated with the seven parameters. The degradation factor list the
increase in parameter error from what can be achieved if all other parameters are
known to what can be achieved when all parameters are to be retrieved from data.
The degradation factors are at the level of one hundred or more for some parameters,
suggesting that there are significant degeneracies associated with the parameteriza-
tion of the temperature and gas fraction as a function of mass and redshift. Our
result generally suggest that significant estimations of gas evolutionary properties, in
the presence of unknown temperature properties, is not possible.
In addition to the parameter degeneracies, the non-Gaussianities associated with
the SZ effect also increase the errors on parameters. For example, for the seven
parameters under discussion here and again for a perfect and full sky experiment, we
list the errors on parameters one can obtain if one were to ignore the non-Gaussian
contributions to the covariance. As tabulated, non-Gaussianities increase the error on
parameters by up to factors of 1.5, suggesting that the ignoring the non-Gaussianities
will lead to a significant underestimate of the errors in parameters. This should be
considered under the context that the SZ effect is significantly non-Gaussian at all
scales of interest and that ability to distinguish parameters happen only at multipoles
of a few thousand where the non-Gaussianities in fact dominate.
4.7 Weak Lensing-SZ Correlation: Non-Gaussianities in
CMB
Large-scale structure deflects CMB photons in transit from the last scattering surface.
These structures also give rise to secondary anisotropies. The result is a correlation
between the temperature fluctuations and deflection angles. This effect cannot be
seen in the two point function since gravitational lensing preserves surface brightness:
deflections only alter the temperature field on the sky in the presence of intrinsic,
primary, anisotropies in the unlensed distribution. The lowest order contribution
thus comes from the three-point function or bispectrum.
98
T0 T1 Tevol Tmin f0 f1 fevol
Perfect 0.04 0.002 0.0004
Planck 0.79 0.75 0.03
Perfect 0.13 0.02 0.06 0.05 0.002
Planck 1.39 0.41 1.22 1.37 0.05
Perfect 0.30 0.07 0.17 0.07 0.008 0.06 0.13
Degradation 47 184 133 34 82 240 130
Gaussian 0.18 0.04 0.10 0.04 0.005 0.04 0.08
Increase (%) 64 70 77 81 73 60 68
Table 4.5 Parameter errors, (F−1)
1/2
ii , using the halo model and the full covariance for
the SZ effect. We tabulate these errors for a perfect experiment with no instrumental
noise and full sky observations out to l ∼ 104. We also show the expected errors
for Planck mission with a useful sky fraction of 65% (fsky = 0.65), and with the
noise power spectrum shown in Fig. 4.10(b). The parameters are described in § 3.3.
We break the parameter estimation to consider recovery of 3, 5 and 7 parameters.
Under “Degradation” we tabulate the degradation factors, (F )
−1/2
ii /(F
−1)
1/2
ii , due to
parameter degeneracies. We also list the parameter errors expected if one were to
assume Gaussian sample variance only for the SZ power spectrum and were to ignore
the non-Gaussian covariance. The increase in error on individual parameters, with
the introduction of the full covariance matrix, ranges from 40% to nearly 100%.
In weak gravitational lensing, the deflection angle on the sky is given by the
angular gradient of the lensing potential which is itself a projection of the gravitational
potential (see e.g. Kaiser 1992),
Θ(mˆ) = −2
∫ r0
0
dr
dA(r0 − r)
dA(r)dA(r0)
Φ(r, mˆr) . (4.33)
This quantity is simply related to the more familiar convergence
κ(mˆ) =
1
2
∇2Θ(mˆ) (4.34)
= −
∫ r0
0
dr
dA(r)dA(r0 − r)
dA(r0)
∇2⊥Φ(r, mˆr) ,
where note that the 2D Laplacian operating on Φ is a spatial and not an angular
Laplacian. The two terms κ and Θ contain superficial differences in their radial and
wavenumber weights which we shall see cancel in the appropriate Limber approxima-
tion. In particular, their spherical harmonic moments are simply proportional
Θlm = − 2
l(l + 1)
κlm =
∫
dnˆY ml
∗(nˆ)Θ(nˆ)
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= il
∫
d3k
2π2
δ(k)Y ml
∗(kˆ)Idefℓ (k) (4.35)
with
Idefℓ (k) =
∫ r0
0
drW def(k, r)jl(kr) ,
W def(k, r) = −3Ωm
(
H0
k
)2
F (r)
dA(r0 − r)
dA(r)dA(r0)
. (4.36)
Here, we have used the Rayleigh expansion of a plane wave (Eq. 2.8), and the fact that
∇2Y ml = −l(l + 1)Y ml . In an open universe, one simply replaces the spherical Bessel
functions with ultraspherical Bessel functions in expressions such as Eq. (4.36).
As pointed out by Goldberg & Spergel (1999), it does however have an effect on
the bispectrum which is in principle observable. The lensed temperature fluctuation
in a given direction is the sum of the primary fluctuation in a different direction plus
the secondary anisotropy
T (nˆ) = TP(nˆ+∇Θ) + T S(nˆ) (4.37)
≈
∑
lm
[
(aPlm + a
S
lm)Y
m
l (nˆ) + a
P
lm∇Θ(nˆ) · ∇Y ml (nˆ)
]
,
or
alm = a
P
lm + a
S
lm +
∑
l′m′
aPl′m′
∫
dnˆY ml
∗(nˆ)∇Θ(nˆ) · ∇Y m′l′ (nˆ) . (4.38)
Utilizing the definition of the bispectrum in Eq. 1.19, we obtain
Bl1l2l3 =
∑
m1m2m3
(
l1 l2 l3
m1 m2 m3
)
×
∫
dmˆdnˆY m2l2
∗(mˆ)Y m3l3
∗(nˆ)Cl1∇Y m1l1 ∗(mˆ) · 〈∇Θ(mˆ)T S(nˆ)〉+ Perm.(4.39)
where the five permutations are with respect to the ordering of (l1, l2, l3).
Integrating by parts and simplifying further following Goldberg & Spergel (1999)
leads to a bispectrum of the form:
Bl1l2l3 = −
(
l1 l2 l3
0 0 0
)√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
×
[
l2(l2 + 1)− l1(l1 + 1)− l3(l3 + 1)
2
Cl1b
S
l3
+ Perm.
]
,
(4.40)
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Figure 4.17 The power spectra of correlation between lensing deflections in CMB and
the integrated Sachs-Wolfe effect (Sachs & Wolfe 1967) and the SZ thermal effect.
The correlations are such that potentials responsible for the ISW effect correlate
with lensing at large angular scales while SZ effect correlates with lensing at medium
angular scales.
where we have employed Eq. 2.14 to perform the angular integration.
The quantity of interest here is the correlation between the deflection potential
and the SZ effect, or any other secondary effect,
T SZ(nˆ) =
∑
aSZlmY
m
l (nˆ), (4.41)
which becomes
〈Θ(nˆ)T SZ(mˆ)〉 =
∑
lm
〈
Θ∗lma
SZ
lm
〉
Y ml
∗(nˆ)Y ml (mˆ) . (4.42)
Statistical isotropy guarantees that we may write the correlation as〈
Θ∗lma
SZ
lm
〉 ≡ bl ≡ −2
l(l + 1)
CSZκl ,
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=
2
π
∫
k2dkPΠδ(k)I
SZ
l (k)I
def
l (k) , (4.43)
≈
∫
dr
d2A
W SZ(r)W def(r)PΠδ
(
l
dA
)
,
where we have used Eq. 4.35 to relate the power spectrum bl defined by Goldberg & Spergel
(1999) and the κ-secondary cross power spectrum defined by Seljak & Zaldarriaga
(1999). The last line represents the Limber approximation.
The full signal-to-noise ratio of the bispectrum is(
S
N
)2
= fsky
∑
l1,l2,l3
B2l1l2l3
6Ctl1C
t
l2
Ctl3
, (4.44)
where
Ctotl = C
SZ
l +Nl . (4.45)
Recall that the residual noise Nl was defined in equation (4.11) and includes contri-
butions from detector noise. We plot the bispectrum cumulative signal-to-noise as a
function of signal l3, summed over l1 and l2. We refer the reader to Cooray & Hu
(2000) for a detailed discussion on the bispectrum, its variance and the calculation of
signal-to-noise ratio.
4.8 Discussion
The SZ effect and weak gravitational lensing of the CMB both trace large-scale struc-
ture in the underlying density field. By measuring the correlation, one can directly
test the manner in which gas pressure fluctuations trace the dark matter density fluc-
tuations. The correlation vanishes in the two-point functions since the lensing does
not affect an isotropic CMB due to conservation of surface brightness.
The same correlation manifests itself as a non-vanishing bispectrum in the CMB
at RJ frequencies (Goldberg & Spergel 1999; Cooray & Hu 2000). Again the cosmic
variance from the primary anisotropies presents an obstacle for detection of the effect
above the several arcminute scale (l ∼ 2000). With the multifrequency cleaning of
the SZ map presented here one can enhance the detectability of the effect.
Consider the bispectrum composed of one alm from the cleaned SZ map and the
other two from the CMB maps. Call this the SZ-CMB-CMB bispectrum. The noise
variance of this term will be reduced by a factor of Ctl /C
Θ
l compared with the CMB-
CMB-CMB bispectrum. As one can see from Fig. 4.2 this can be up to a factor of
103 in the variance. Details for the calculation of the CMB-CMB-CMB bispectrum
are given in Cooray & Hu (2000). Here we have updated the normalization for SZ
effect, taken fsky = 0.65 for Planck’s useful sky coverage, and compared the S/N of
the two bispectra. As shown in Fig. 4.18, the measurement using for
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Planck SZ and CMB maps has a substantially higher signal-to-noise than that from
using the Planck CMB map alone for multipoles l ∼ 102 − 103.
Our simple model assumes that the pressure is correlated with lensing potentials
through the halo model. Thus, to the extent that the lensing and SZ signals can be
determined separately from other measurements, the cross-correlation can be used to
constrain the stochastic nature of the bias.
Beyond the improvement in signal-to-noise, however, there is an important ad-
vantage in constructing the SZ-lensing bispectrum using SZ and CMB maps. A mere
measurement of the bispectrum in CMB data can lead to simultaneous detection of
non-Gaussianities through processes other than just SZ-lensing cross-correlation. As
discussed in Goldberg & Spergel (1999) and extended in Cooray & Hu (2000), gravi-
tational lensing also correlates with other late time secondary anisotropy contributors
such as integrated Sachs-Wolfe (ISW; Sachs & Wolfe 1967) effect and the reionized
Doppler effect. In addition to lensing correlations, non-Gaussianities can also be gen-
erated through reionization and non-linear growth of perturbations (Spergel & Goldberg
1999; Goldberg & Spergel 1999; Cooray & Hu 2000). Bispectrum measurements at a
signle frequency can result in a confusion as to the relative contribution from each of
these scenarios. In Cooray & Hu (2000), we suggested the possibility of using differ-
ences in individual bispectra as a function of multipoles, however, such a separation
can be problematic given that these differences are subtle (e.g., Fig 6 of Cooray & Hu
2000).
The construction of the SZ-lensing bispectrum using SZ and CMB maps has the
advantage that one eliminates all possibilities, other than SZ, that result in a bispec-
trum. For effects related to SZ, the cross-correlation of lensing and SZ should produce
the dominant signal; as shown in Cooray & Hu (2000), bispectra signal through SZ
and reionization effects, such as Ostriker-Vishniac (OV; Ostriker & Vishniac 1986),
are considerably smaller.
Conversely, multifrequency cleaning also eliminates the SZ contribution from the
CMB maps and hence a main contaminant of the CMB-CMB-CMB bispectrum. This
assists in the detection of smaller signals such as the ISW-lensing correlation, Doppler-
lensing correlation or the non-Gaussianity of the initial conditions. Such an approach
is highly desirable and Planck will allow such detailed studies to be carried out.
A potential caveat is that as noted above, the full bispectrum in an all-sky satellite
experiment will be difficult to measure. Zaldarriaga & Seljak (1999) have developed a
reduced set of three-point statistics optimized for lensing studies, based on a two point
reconstruction of the lensing-convergence maps from the products of temperature
gradients. They show that most of the information is retained in these statistics.
Multifrequency cleaning improves the signal-to-noise for these statistics by exactly
the same factor as for the full bispectrum.
The cross-correlation coefficient between the SZ effect and CMB weak lensing is
relatively modest (∼ 0.5, see Seljak et al. 2000). This is due to the fact that the SZ
effect is a tracer of the nearby universe while CMB lensing is maximally sensitive to
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Figure 4.18 Cumulative signal-to-noise in the measurement of the SZ-weak gravita-
tional lensing cross-correlation through the bispectrum measurement in CMB data.
Compared are the expected signal-to-noise with (SZ-CMB-CMB) and without (CMB-
CMB-CMB) multifrequency isolation of the SZ effect for Planck and a perfect/cosmic
variance limited experiment. Multifrequency isolation provides additional signal-to-
noise and the opportunity to uniquely identify the bispectrum contribution with the
SZ effect.
structure at z ∼ 3. A higher correlation is expected if SZ is cross-correlated with
an external probe of low redshift structure. Peiris & Spergel (2000) suggested the
cross-correlation of MAP CMB data and Sloan galaxy data. An improved approach
would be to use the Planck derived SZ map rather than a CMB map. Using a SZ
map reduces noise from the primary anisotropies and guarantees that any detection is
due to correlations with the SZ effect. Extending the calculations in Peiris & Spergel
(2000) with the Planck generated SZ map, we find signal-to-noise ratios which are
on average greater by a factor of ∼ 10 when compared to signal-to-noise values using
MAP CMB map. In fact with redshifts for galaxies, Planck SZ map can be cross-
correlated in redshifts bins to study the redshift evolution of the gas. Other promising
possibilities include cross correlation with soft X-ray background measurements, as
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well as ultraviolet and soft X-ray absorption line studies.
CHAPTER 5
KINETIC SUNYAEV-ZEL’DOVICH EFFECT
5.1 Introduction
Extending our calculation on the contribution of large scale structure gas distribution
to CMB anisotropies through SZ effect, we also study an associated effect involving
baryons associated with halos in the large scale structure. It is well known that the
peculiar velocity of galaxy clusters, along the line of sight, also lead to a contribution
to temperature anisotropies. This effect is commonly known as the kinetic, or kine-
matic, Sunyaev-Zel’dovich effect and arises from the baryon density modulation of the
Doppler effect associated with the velocity field (Sunyaev & Zel’dovich 1980). Given
that both density and velocity fields are involved, the kinetic SZ effect is essentially
second order, where as the thermal SZ effect, involving scattering of CMB photons is
first order. Though the kinetic SZ effect was first described in Sunyaev & Zel’dovich
(1980) using massive galaxy clusters, the same effect has been introduced under
a different context by Ostriker and Vishniac (OV; Ostriker & Vishniac 1986; also,
Vishniac 1987). The OV effect has been described as the contribution to temperature
anisotropies due to baryon modulated Doppler effect in the linear regime of fluctu-
ations. The kinetic SZ effect can be considered as the OV effect extended to the
non-linear regime of baryon fluctuations, however, it should be understood that the
basic physical mechanism responsible for the two effects is the same and that there
is no reason to describe them as separate contributions. For the purpose of this pre-
sentation, we will treat both OV effect and the SZ kinetic effect as one contribution,
though it may be easier to think of OV as the linear contribution while kinetic SZ,
extending to non-linear regime will contain the total contribution. Such a description
has been provided in Hu (2000a).
We calculate the kinetic SZ/OV effect, hereafter simply referred to as the kinetic
SZ effect, using the model we developed to study the thermal SZ effect. We further
extend this calculation to consider the correlation between SZ thermal and SZ kinetic
effects. Since there is no first order cross-correlation, the lowest order contribution
to the correlation comes from a three-point function, or a bispectrum. We discussed
this bispectrum in Cooray & Hu (2000). Here, we consider an additional possibil-
ity to measure the SZ thermal-kinetic cross-correlation via a two-point correlation
function which involves squares of the temperature, instead of the usual temperature
itself. The power spectrum of squared temperatures probes one aspect of the trispec-
trum resulting through the pressure-baryon cross-correlation probed separately by the
thermal SZ and kinetic SZ effects, respectively. Here, we show that there is adequate
signal-to-noise for a reliable measurement of the SZ thermal-SZ kinetic squared power
spectrum measurement in upcoming small angular scale experiments.
The Ostriker-Vishniac effect arises from the second-order modulation of the Doppler
effect by density fluctuations (Ostriker & Vishniac 1986; Vishniac 1987). Its nonlin-
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ear analogue is the kinetic SZ effect from large-scale structure (Hu 1999). Due to its
density weighting, the kinetic SZ effect peaks at small scales: arcminutes for ΛCDM.
For a fully ionized universe, contributions are broadly distributed in redshift so that
the power spectra are moderately dependent on the optical depth τ . Here, we as-
sume an optical depth to ionization of 0.1, consistent with current upper limits on the
reionization redshift from CMB (e.g., Griffiths et al. 1999) and other observational
data (see, e.g., Haiman & Knox 1999 and references therein).
5.2 Calculational Method
The kinetic SZ temperature fluctuations, denoted as kSZ, can be written as a product
of the line of sight velocity and density
T kSZ(nˆ) =
∫
drg(r)nˆ · vg(r, nˆr)ne(r, nˆr) . (5.1)
The first order contribution here now comes from the velocity field with the mean
number density of electrons, ne = n¯e. This contribution is discussed in Kaiser (1984)
where it was shown to be insignificant at small scales due to significant mode can-
cellations. It should be understood that, contrary to the common thought, this does
not mean that the contribution to temperature fluctuations from the velocity field is
exactly zero. As discussed in Kaiser (1984) and Cooray & Hu (2000), double scat-
tering effects, which are again due to the the velocity fluctuations, leave a non-zero
signal at large scales. Also, single scattering effects are sensitive to how one models
the transition to reionization; if the transition is instantaneous mode cancellations are
not exact leaving behind a non-zero signal. The contribution we show as “Doppler”
in Fig. 4.10 due to velocity fields assume reionization at a redshift of ∼ 13 (τ = 0.1),
and a width ∆z of 0.1 (see, Cooray & Hu 2000).
Including density fluctuations, the full contribution is
T kSZ(nˆ) =
∫
drg(r)nˆ · vg(r, nˆr)n¯e(1 + δe)(r, nˆr)
= −i
∫
drg
∫
d3k
(2π)3
∫
d3k′
(2π)3
δv(k− k′)δg(k′)eik·nˆr
[
nˆ · k− k
′
|k− k′|2
]
,
(5.2)
Note that one can use the linear theory to obtain the large scale velocity field in terms
of the linear dark matter density field. The multiplication between the velocity and
density fields in real space has been converted to a convolution between the two fields
in Fourier space. The second line only includes the contribution from vδ term since
the v term is the linear Doppler effect.
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We can now expand out the temperature perturbation due to kinetic SZ effect,
T kSZ, into spherical harmonics:
akSZlm = −i
∫
dnˆ
∫
dr (g)
∫
d3k1
(2π)3
∫
d3k2
(2π)3
δv(k1)δg(k2)
×ei(k1+k2)·nˆr
[
nˆ · k1
k21
]
Y m∗l (nˆ) , (5.3)
where we have symmetrizised by using k1 and k2 to represent k−k′ and k′ respectively.
Using
nˆ · k =
∑
m′
4π
3
kY m
′
1 (nˆ)Y
m′∗
1 (kˆ) , (5.4)
and the Rayleigh expansion (Eq. 2.8), we can further simplify and rewrite the multi-
pole moments as
akSZlm = −i
(4π)3
3
∫
dr
∫
d3k1
(2π)3
∫
d3k2
(2π)3
∑
l1m1
∑
l2m2
∑
m′
×(i)l1+l2g jl1(k1r)
k1
jl2(k2r)δv(k1)δg(k2)Y
m1
l1
(kˆ1)Y
m′
1 (kˆ1)Y
m2
l2
(kˆ2)
×
∫
dnˆY m∗l (nˆ)Y
m1∗
l1
(nˆ)Y m2∗l2 (nˆ)Y
m′∗
1 (nˆ) . (5.5)
We can construct the angular power spectrum by considering 〈al1m1a∗l2m2〉. Under
the assumption that the temperature field is statistically isotropic, the correlation is
independent of m, and we can write the angular power spectrum as
〈a∗,kSZl1m1 akSZl2m2〉 = δDl1l2δDm1m2CkSZl1 . (5.6)
The correlation can be written using
〈a∗,kSZl1m1 akSZl2m2〉 =
(4π)6
9
∫
dr1g
∫
dr2g
×
∫
d3k1
(2π)3
d3k2
(2π)3
d3k′
1
(2π)3
d3k′
2
(2π)3
〈δv(k′1)δg(k′2)δ∗linδ (k1)δ∗g(k2)〉
×
∑
l′
1
m′
1
l′′
1
m′′
1
m′′′
1
l′
2
m′
2
l′′
2
m′′
2
m′′′
2
(−i)l′1+l′′1 (i)l′2+l′′2 jl′
2
(k′1r2)
jl′′
2
(k′2r2)
k′2
jl′
1
(k1r1)
k1
jl′′
1
(k2r1)
×
∫
dmˆYl2m2(mˆ)Y
∗
l′
2
m′
2
(mˆ)Y ∗l′′
2
m′′
2
(mˆ)Y ∗1m′′′
2
(mˆ)
×
∫
dnˆY ∗l1m1(nˆ)Yl′1m′1(nˆ)Yl′′1m′′1 (nˆ)Y1m′′′1 (nˆ)
×
∫
dkˆ′1
∫
dkˆ′2Yl′2m′2(kˆ
′
1)Y1m′′′2 (kˆ
′
2)Yl′′2m′′2 (kˆ
′
1)
×
∫
dkˆ1
∫
dkˆ2Y
∗
l′
1
m′
1
(kˆ1)Y
∗
1m′′′
1
(kˆ1)Y
∗
l′′
1
m′′
1
(kˆ2) . (5.7)
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We can separate out the contributions such that the total is made of correlations
following 〈vgvg〉〈δgδg〉 and 〈vgδg〉〈vgδg〉 depending on whether we consider cumulants
by combining k1 with k
′
1 or k
′
2 respectively. After some straightforward but tedious
algebra, and noting that∑
m′
1
m′
2
(
l′1 l
′
2 l1
m′1 m
′
2 m1
)(
l′1 l
′
2 l2
m′1 m
′
2 m2
)
=
δm1m2δl1l2
2l1 + 1
(5.8)
we can write
CkSZl =
22
π2
∑
l1l2
[
(2l1 + 1)(2l2 + 1)
4π
](
l l1 l2
0 0 0
)2
×
∫
dr1g
∫
dr2g
∫
k21dk1
∫
k22dk2
×
(
Pvv(k1)Pgg(k2)jl1(k2r2)jl1(k2r1)
j′l2(k1r1)
k1
j′l2(k1r2)
k1
+ Pvg(k1)Pvg(k2)jl2(k2r1)
j′l1(k1r1)
k1
jl1(k1r2)
j′l2(k2r2)
k2
)
.
(5.9)
Here, the first term represents the contribution from 〈vgvg〉〈δgδg〉 while the sec-
ond term is the 〈vgδg〉〈vgδg〉 contribution, respectively. In simplifying the integrals
involving spherical harmonics, we have made use of the properties of Clebsh-Gordon
coefficients, in particular, those involving l = 1. The integral involves two distances
and two Fourier modes and is summed over the Wigner-3j symbol to obtain the power
spectrum. The above equation for the all-sky angular power spectrum of kinetic SZ,
or OV effect, is exact, in that we have made no assumptions or simplifications in
the derivation, as have been done in the prior calculations. Note that the integrals
over spherical Bessel functions and their derivatives, and sums over Wigner sym-
bols, are equivalent to the mode-coupling integrals one usually encounters in flat-sky
coordintes. We will further explore the relation between the two approaches later.
We are primary interested in the contribution at small angular scales here. We will
model the velocity field using linear theory. The assumption then is that the on-linear
contribution to the velocity field due to virial motions within halos do not contribute
to the temperature fluctuations; this is true since virial motions are random. Also,
the correlation between large scale bulk flows and non-linear density field within halos
is subdominant. At small scales, we only consider the contribution that results from
baryon-baryon and linear density-density correlations (related to velocities). In fact,
under the halo description provided here, there is no correlation of the baryon field
within halos and the velocity field traced by individual halos. Thus, contribution
to the baryon-velocity correlation only comes from the 2-halo term of the density
field-baryon correlation. This correlation is suppressed at small scales and is not a
significant contributor to the kinetic SZ power spectrum (see, Hu 2000a).
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Similar to the Limber approximation (Limber 1954), in order to simplify the
calculation associated with 〈vgvg〉〈δgδg〉, we use an equation involving completeness
of spherical Bessel functions (Eq. 2.17) and apply it to the integral over k2 to obtain
CkSZl =
2
π
∑
l1l2
[
(2l1 + 1)(2l2 + 1)
4π
](
l l1 l2
0 0 0
)2
×
∫
dr1
(gG˙)2
d2A
∫
k21dk1P
lin
δδ (k1)Pgg
[
l1
dA
; r1
](
j′l2(k1r1)
k1
)2
.
(5.10)
The alternative approach, which has been the calculational method in many of the
previous papers (Vishniac 1987; Efstathiou 1998 1988; Jaffe & Kamionkowski 1998;
Dodelson & Jubas 1995; Hu 2000a) is to use a specific coordinate frame with the
z-axis along ~k. This allows one to simplify the SZ kinetic power spectrum to:
CkSZl =
1
8π2
∫
dr
(gG˙G)2
d2A
Pδδ(k)
2Iv
(
k =
l
dA
)
, (5.11)
with the mode-coupling integral given by
Iv(k) =
∫
dk1
∫ +1
−1
dµ
(1− µ2)(1− 2µy1)
y22
Pδδ(ky1)
Pδδ(k)
Pδδ(ky2)
Pδδ(k)
.
(5.12)
We refer the reader to Vishniac (1987) and Dodelson & Jubas (1995) for details on
this derivation. In above, µ = kˆ · kˆ1, y1 = k1/k and y2 = k2/k =
√
1− 2µy1 + y21.
This flat-sky approximation makes use of the Limber approximation (Limber 1954)
to further simplify the calculation with the replacement of k = l/dA. The power
spectra here represent the baryon field power spectrum and the velocity field power
spectrum; the former assumed to trace the dark matter density field while the latter
is generally related to the linear dark matter density field through the use of linear
theory arguments.
The correspondence between the flat-sky and all-sky formulation can be obtained
by noting that in the small scale limit contributions to the flat-sky effect comes when
k2 = |k−k1| ∼ k such that y1 ≪ 1. In this limit, the flat sky Ostriker-Vishniac effect
reduces to a simple form given by (Hu 2000a)
CkSZl =
1
3
∫
dr
(gG˙G)2
d2A
Pgg(k)v
2
rms
. (5.13)
Here, v2
rms
is the rms of the uniform bulk velocity form large scales
v2
rms
=
∫
dk
Pδδ(k)
2π2
. (5.14)
110
The 1/3 arises from the fact that rms in each component is 1/3rd of the total velocity.
The above statement, first used in Hu (2000a), is equivalent to the fact that
the non-linear momentum density field of the large scale structure, relevant to small
angular scales, is equivalent to
Ppp(k) = Pδδ(k)
∫
dk
Pvv(k)
2π2
. (5.15)
Sheth et al. (in prepartion) has numnerically tested this statement and has been
found to agree with N-body simulations. There is an additional contribution to the
momentum power spectrum from the trispectrum formed by the density and velocity
fields. Note that in the halo description, the linear velocity fields are uncorrelated
with the non-linear density field within halos. Thus, contributions from such a higher
order term only comes at large scales from terms in the trispectrum that involve more
than one halo. Also, the momentum field contributes through a non-linear analogue
of the integrated Sachs-Wolfe effect (ISW; Sachs & Wolfe 1967). We will present a
detailed description of the relevant contributionto both kinetic SZ and non-linear ISW
from momentum density field in a separate paper.
In the same small scale limit, to be consistent with the flat sky expression, we can
reduce the all-sky expression such that contributions come from a term that looks
like
CkSZl =
∫
dr
(gG˙)2
d2A
Pgg
[
l
dA
; r1
]
1
3
v2rms . (5.16)
A comparison of the reduced all-sky (Eq. 5.10) and flat-sky (Eq. 5.13) formula in
the small-scale limit suggests that the correspondence between the two arises when
∑
l1l2
(2l1 + 1)(2l2 + 1)
(
l l1 l2
0 0 0
)2 [
j′l2(kr)
]2
=
1
3
. (5.17)
Numerically, we determined this to be true as long as l2 ≪ l, however, we have not
been able to prove this relation analytically. We leave this as a challenge to our
readers. It should be understood that the right hand side of the above expression
denotes the all-sky equivalent of the integral that leads to a 1/3rd of rms of a randomly
directed quantity along one particular line of sight.
5.3 Discussion
In Fig. 4.10, we show our prediction for the SZ kinetic effect and a comparison with
the SZ thermal contribution. As shown, the SZ kinetic contribution is roughly an
order of magnitude smaller than the kinetic SZ contribution. There is also a more
fundamental difference between the two: the SZ thermal effect, due to its dependence
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Figure 5.1 The temperature fluctuation power (∆T 2l = l(l + 1)/(2π)ClT
2
CMB) for a
variety of methods to calculate the kinetic SZ effect. Here, we show the contribution
for a reionization redshift of ∼ 8 and an optical depth to reionization of 0.05. The
contributions are calculated under the assumption that the baryon field traces the
non-linear dark matter (Pg(k) = Pδ(k) with Pδ(k) predicted by the halo model), the
linear density field (Pg(k) = P
lin(k)), and the halo model for gas, with total and the
2-halo contributions shown separately. For the most part, the kinetic SZ effect can be
described using linear theory, and the non-linearities only increase the temperature
fluctuation power by a factor of a few at l ∼ 105.
on highest temperature electrons is more dependent on the most massive halos in the
universe, while the SZ kinetic effect arises more clearly due to large scale correlations
of the halos that make the large scale structure. The difference arises from that fact
that kinetic SZ effect is mainly due to the baryons and not the temperature weighted
baryons that trace the pressure responsible for the thermal effect. Contributions
to the SZ kinetic effect comes from baryons tracing all scales and down to small
mass halos. The difference associated with mass dependence between the two effects
suggests that a wide-field SZ thermal effect map and a wide-field SZ kinetic effect
map will be different from each other in that massive halos, or clusters, will be clearly
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visible in a SZ thermal map while the large scale structure will be more evident in a
SZ kinetic effect map. Numerical simulations are in fact consistent with this picture
(e.g., Springel et al. 2000).
As shown in Fig. 4.10(b), the variations in maximum mass used in the calculation
does not lead to orders of magnitude changes in the total kinetic SZ contribution,
which is considerably less than the changes in the total thermal SZ contribution as a
function of maximum mass. This again is consistent with our basic result that most
contributions come from the large scale linear velocity modulated by baryons in halos.
Consequently, while the thermal SZ effect is dominated by shot-noise contributions,
and is heavily affected by the sample variance, the same is not true for the kinetic SZ
effect.
In Fig. 5.1, we show several additional predictions for the kinetic SZ effect, fol-
lowing the discussion in Hu (2000a). Here, we have calculated the kinetic SZ power
spectrum under several assumptions, including the case when gas is assumed to trace
the non-linear density field and the linear density field. We compare predictions based
on such assumptions to those calculated using the halo model. As shown, the halo
model calculation shows slightly less power than when using the non-linear dark mat-
ter density field to describe clustering of baryons. This difference arises from the fact
that baryons do not fully trace the dark matter in halos. Due to small differences,
one can safely use the non-linear dark matter power spectrum to describe baryons.
Using the linear theory only, however, leads to an underestimate of power at a factor
of 3 to 4 at scales corresponding to multipoles of l ∼ 104 to 105 and may not provide
an accurate description of the total kinetic SZ effect.
Since our model for baryons only include those present in halos and given that SZ
thermal effect arises essentially from clustering of gravitationally heated baryons in
single halos, our model may be more applicable to it. Given that we have ignored the
filamentary structure of the large scale structure and associated smaller overdensities,
our halo description of baryons to describe the SZ kinetic effect, which includes con-
tributions from all mass scales, may likely to be an incomplete description. Therefore,
numerical simulations will certainly be necessary to improve our calculations on the
SZ kinetic effect with the inclusion of diffuse baryons in smaller overdensities. Such
simulations could also aid in calibration purposes of the halo model predictions only
involving virialized halos.
The interesting experimental possibility here is whether one can obtain an wide-
field map of the SZ kinetic effect. Since it is now well known that the unique spec-
tral dependence of the thermal SZ effect can be used to separate its contribution
(Cooray et al. 2000a), at smaller angular scales, it is likely that after the separation,
SZ kinetic effect will be the dominant signal, even after accounting for the lensed
CMB contribution. For such a separation of the SZ thermal effect to be carried out
and such that a detection of the kinetic SZ effect will be possible, observations, at
multifrequencies, are needed to arcminute scales. Upcoming interferometers and sim-
ilar experiments will allow such studies to be eventually carried out. A wide-field
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kinetic SZ map of the large scale structure will eventually allow an understating of
the large scale velocity field of baryons, as the density fluctuations can be identified
through cross-correlation of such a map with a similar thermal SZ map. We now
discuss the existence of correlations between the SZ thermal and SZ kinetic effect.
CHAPTER 6
SZ THERMAL-SZ KINETIC CORRELATION
6.1 Introduction
The SZ thermal and SZ kinetic effects both trace the large scale structure baryons.
One can study a correlation between these two effect to probe the manner in which
baryons are distributed in the large scale structure. For example, such a correlation
study may allow one to answer to what extent diffuse baryons contribute to thermal
SZ when compared to their contribution to kinetic SZ. Given that the SZ kinetic
effect is second order in fluctuations, there is no direct two-point correlation function
between the temperature anisotropies produced by SZ thermal and kinetic effects.
As discussed in Cooray & Hu (2000), to the highest order, the correlation between
kinetic SZ and thermal SZ manifests as a nonvanishing bispectrum in temperature
fluctuations and can be studied by considering a three-point correlation function or
associated statistics, such as bispectrum, the Fourier space analog of the three point
function, or skewness, a collapsed measurement of the bispectrum.
6.2 SZ thermal-SZ thermal- SZ kinetic bispectrum
The bispectrum formed by the SZ thermal effect and the SZ kinetic effect can be de-
rived following Cooray & Hu (2000). Note that in Cooray & Hu (2000), we identified
this bispectrum as SZ-SZ-OV. Using the multipole expansion of the kinetic SZ effect
given in Eq. 5.5 and the multipole moments of the SZ effect as
aSZlm = i
l
∫
d3k
2π2
Π(k)Y ml
∗(kˆ)ISZl (k) ,
ISZl (k) =
∫
drW sz(r)jl(kr) , (6.1)
we can write the cumulant formed by 〈aSZl1m1aSZl2m2a∗kSZl3m3〉 as
〈aSZl1m1aSZl2m2akSZl3m3〉 =
22
π2
∫
k21dk1
∫
k22dk2PδΠ(k1)PgΠ(k2)I
SZ
l1 (k1)
×ISZl2 (k2)[IkSZl1,l2(k1, k2) + IkSZl1,l2(k2, k1)]
×
∫
dnˆY m3l3 (nˆ)Y
m2∗
l2
(nˆ)Y m1∗l1 (nˆ) , (6.2)
where
IkSZl1,l2(k1, k2) =
∫
drW kSZjl2(k2r)j
′
l1
(k1r) ,
W kSZ(k1, r) = − 1
k1
gG˙G . (6.3)
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In simplifying the integrals involving spherical harmonics, we have made use of the
properties of Clebsch-Gordon coefficients, in particular, those involving l = 1.
In order to construct the bispectrum, note that
〈aSZl1m1aSZl2m2akSZl3m3〉 = (−1)l3〈aSZl1m1aSZl2m2akSZl3−m3〉 . (6.4)
The bispectrum then becomes
Bl1l2l3 =
∑
m1m2m3
(
l1 l2 l3
m1 m2 m3
)(
〈aSZl1m1aSZl2m2akSZl3m3〉+
×〈aSZl2m2aSZl3m3akSZl1m1〉+ 〈aSZl3m3aSZl1m1akSZl2m2〉
)
=
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
0 0 0
)
[bS−Sl1,l2 + Perm.] , (6.5)
with
bSZ−SZl1,l2 =
22
π2
∫
k21dk1
∫
k22dk2PδΠ(k1)PgΠ(k2)
×IkSZl1,l2(k1, k2)ISZl1 (k1)ISZl2 (k2) . (6.6)
Note that we have rewritten the k1 → k2 term in Eq. 6.2 as an l1 → l2 interchange so
that in Eq. 6.5 “Perm.” means a sum over the remaining 5 permutations of (l1,l2,l3)
as usual.
In general, Eq. 6.6 involves five integrations, three over radial distances and two
over wavenumbers. These integrals can be simplified using the Limber approximation
for sufficiently large (l1, l2) and we employ the completeness relation of spherical Bessel
functions in Eq. 2.17. Applying this to the integral over k2 yields
bSZ−SZl1,l2 =
2
π
∫
dr
d2A
W SZ(r)gPgΠ
(
l2
dA
; r
)
×
∫
dr1
∫
k1dk1P
2h
δΠ(k1; r1)W
SZ(r1)j
′
l1(k1r1)jl1(k1r) ,
(6.7)
which we will use to evaluate the SZ thermal-SZ thermal-SZ kinetic bispectrum.
In Cooray & Hu (2000), we assumed that pressure traces dark matter to calculate
the SZ-SZ-OV bispectrum. Using our halo model, we can now update this calcu-
lation to include the bispectrum formed between SZ thermal-SZ thermal-SZ kinetic
effects. Additionally, we can investigate the improvements in the signal-to-noise for
the bispectrum detections when the SZ thermal effect is separated from CMB. The
maximum signal-to-noise for this bispectrum can only be achieved when the SZ ki-
netic effect is also separated from CMB, though, given that the two effects have the
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Figure 6.1 Cumulative signal-to-noise for the detection of SZ thermal-SZ thermal-SZ
kinetic bispectrum (a) and skewness (b). The dotted line is for the detection of SZ
thermal-SZ kinetic correlation using CMB data alone, while the dashed line is the
same when the SZ thermal effect has been separated from other CMB contributions
and the measurement now involves two points from the SZ map and one point from
the CMB. Finally, the solid line is the maximum signal-to-noise for achievable with
the separation of the SZ kinetic effect from all contributors to CMB anisotropy.
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Figure 6.2 The baryon-pressure (a) power spectrum (b) trispectrum today (z = 0)
broken into individual contributions under the halo description. The line labeled
’correlation’ shows the correlation coefficient of gas-pressure correlation with respect
to gas-gas and pressure-pressure. For reference, we also show the pressure power
spectrum and the trispectrum.
same frequency dependence, it is unlikely that the kinetic SZ effect can be separated
from thermal CMB anisotropies. With SZ separated from CMB, however, it is likely
that the SZ kinetic effect will dominate the small angular scale signal in the temper-
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ature anisotropies. Thus, one can use small angular scale thermal CMB temperature
fluctuations for the cross-correlation purposes between thermal SZ and kinetic SZ
effects.
In Eq. 6.7, PgΠ is the baryon-pressure power spectrum while the PδΠ is the density-
pressure power spectrum, with the density field tracing the linear regime of fluctu-
ations. Since there is no contribution coming from the non-linear regime (ie. the
1-halo term), we model this as the large scale density-pressure correlations in the
linear regime described by the 2-halo term.
Following Cooray & Hu (2000), the signal-to-noise for the detection of the bispec-
trum is (
S
N
)2
≡ 1
σ2(A)
=
∑
l3≥l2≥l1
B2l1l2l3
Ctl1C
t
l2
Ctl3
, (6.8)
where
Ctl = C
CMB
l + C
sec
l + C
Noise
l . (6.9)
In Cooray et al. (2000a), we suggested that multifrequency cleaning of SZ effect
can be a useful tool for higher order correlation studies and discussed how the signal-
to-noise for the detection of SZ-lensing correlation, again through a bispectrum, can be
improved by using CMB primary anisotropy separated SZ map. We present the same
approach here, where we study the possibility for a detection of the SZ thermal-SZ
kinetic correlation by using a frequency cleaned SZ thermal map, which will provide
two measurements, and the remainder, which will contain CMB primary, SZ kinetic
and other secondary effects and proving a single measurement for the bispectrum.
In Fig. 6.1(a), we update results for the bispectrum given in Cooray & Hu (2000),
where we only studied the possible detection in CMB data alone and with no con-
sideration for separation of effects, especially the SZ thermal effect. The separation
allows a decrease in cosmic variance, as the noise is no longer dominated by CMB pri-
mary anisotropies. This leads to an increase in the cumulative signal-to-noise. With
SZ thermal effect separated, we see that the signal-to-noise increases by roughly two
orders of magnitude. In Cooray et al. (2000a), we showed how one can obtain an
order of magnitude in signal-to-noise when a CMB separated SZ thermal map is used
for a detection of SZ-lensing correlation. Here, we obtain another order of magnitude
improvement, since the SZ thermal-SZ kinetic correlation is present with two SZ ther-
mal measurements, instead of one in the case SZ thermal-lensing correlation (in SZ
thermal-CMB-CMB bispectrum). Note that one cannot use multifrequency data to
separate SZ kinetic from rest of the contributions. Thus, CMB primary anisotropies
and other secondary effects still contribute to the variance.
If one can separate the SZ kinetic such that a perfect SZ kinetic map, as well as
a perfect SZ thermal map, is available, then one can improve the signal-to-noise for
detection significantly such that a detection is possible. Since SZ kinetic is expected
to dominate anisotropies at small angular scales, when SZ thermal is removed, an
opportunity to detect the SZ thermal-SZ kinetic correlation will likely come from
119
small angular scale multifrequency experiments. One can also improve the possibility
of detecting this correlation by noting that the configuration for the bispectrum is
such that it peaks for highly flattened triangles (see, Cooray & Hu 2000). Thus, in
addition to small angular scale experiments, information from large angular scale
observations may also be necessary for a detection of this correlation. It is likely
that progress in experimental studies will continue to a level where such studies will
eventually be possible.
6.2.1 Skewness
Since the bispectrum may be hard to calculate from observational data, we also
consider a real space statistic that probes the non-Gaussian information at the three
point level. The simplest aspect of the bispectrum that can be measured in real space
is the third moment of the map smoothed on some scale with a window W (σ)
〈
Θ3(nˆ; σ)
〉
=
1
4π
∑
l1l2l3
√
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
×
(
l1 l2 l3
0 0 0
)
Bl1l2l3Wl1(σ)Wl2(σ)Wl3(σ) ,
(6.10)
where Wl are the multipole moments (or Fourier transform in a flat-sky approxi-
mation) of the window. Note that the skewness can then be calculated as s3 =
〈Θ3(nˆ; σ)〉 / 〈Θ2(nˆ; σ)〉2.
The overall signal-to-noise for the measurement of the third moment is(
S
N
)2
= fsky
〈Θ3(nˆ; σ)〉2
Var
(6.11)
where the variance, assuming Gaussian statistics, is given by
Var =
1
(4π)2
∑
l1l2l3
(2l1 + 1)(2l2 + 1)(2l3 + 1)
4π
(
l1 l2 l3
0 0 0
)2
×W 2l1(σ)W 2l2(σ)W 2l3(σ)6Ctl1Ctl2Ctl3 . (6.12)
In Fig. 6.1(b), we show the signal to noise for the detection of the third moment.
Here, we use a top-hat window in multipole space out to lmax so that direct comparison
is possible with the signal-to-noise calculation involving the bispectrum. As shown,
we find that there is considerably less signal-to-noise in the skewness when compared
to the full bispectrum itself. This results from the fact that bispectrum contains all
information at the three point level, while with the third moment results in a loss of
information. This can also be understood by noting that the signal-to-noise for the
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bispectrum and skewness is such that in the case of the bispectrum signal-to-noise
is calculated for each mode and summed up while for the skewness signal-to-noise is
calculated after summing the signal and noise separately over all modes.
6.3 The SZ Thermal2-SZ kinetic2 Power Spectrum
In addition to the SZ thermal-SZ kinetic-SZ kinetic bispectrum, we can introduce
higher order correlations involving the SZ thermal and SZ kinetic effect that probe
the correlation between the two. One such a possibility is the trispectrum formed by
the SZ thermal and SZ kinetic effect. Given that we do not have a reliable method
to measure the bispectrum even, the measurement of such a higher order correlations
in experimental data is likely to be challenging.
Here, we focus on a statistic that captures the correlation information coming from
higher order, essentially from a trispectrum, but is easily measurable in experimental
data since it only involves only a power spectrum. Such a possibility involves the
power spectrum of squared temperatures instead of the usual temperature itself. Our
motivation for such a statistic came when we inspected the published maps of the large
scale SZ thermal and SZ kinetic effects in simulations by Springel et al. and realized
that there is a significant correlation between the two effects. Since the temperature
fluctuations produced by the SZ kinetic effect oscillates between positive and negative
values depending on the direction of the velocity field along the line of sight, as
stated earlier, a direct two point correlation involving the temperature results in no
contribution. A non-zero correlation between the SZ thermal and SZ kinetic effects
still manifests if the absolute value of the temperature fluctuation due to kinetic SZ
effect is considered. Since absolute value of temperature is equivalent to squaring the
temperature, we consider the cross-correlation of SZ thermal and SZ kinetic effects
involving the power spectrum of squared temperatures here.
In order to calculate the SZ thermal2-SZ kinetic2 power spectrum, we first note
that the spherical harmonic coefficient of the squared can be written through a con-
volution of the spherical moments of the fluctuations
a2lm =
∫
dnˆY ∗ml T
2(nˆ)
=
∑
l1m1
∑
l2m2
al1m1a
∗
l2m2
∫
dnˆY ∗ml (nˆ)Y
m1
l1
(nˆ)Y ∗m2l2 (nˆ) , (6.13)
where
T (nˆ) =
∑
lm
almY
∗m
l (6.14)
Note that the integral over three spherical harmonic coefficients can be written
through the use of the Gaunt integral.
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Figure 6.3 (a) The SZ thermal-SZ kinetic power spectrum of squared temperatures.
Here, we show the contribution to the power spectrum when only Gaussian terms
(dotted line) and when when non-Gaussianities are introduced (solid line). In (b),
we show the cumulative signal-to-noise for the detection of the SZ thermal-SZ kinetic
squared temperature power spectrum using information in multipoles from 2000 to
10000 and assuming no instrumental or any other noise contributions to the covari-
ance. The signal-to-noise is calculated assuming the power spectrum is measured in
CMB data (dot-dashed line), with a perfect frequency cleaned SZ thermal map (solid
line) and with a perfect SZ thermal and SZ kinetic effect maps (dotted line).
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Using this identity, we can now construct the power spectrum of thermal SZ2-
kinetic SZ2 as
〈akSZ2lm a∗SZ
2
l′m′ 〉 = C2kSZ−SZl δl,l′δm,m′
=
∑
l1m1l2m2
∑
l3m3l4m4
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉t
×
∫
dnˆY ∗ml (nˆ)Y
m1
l1
(nˆ)Y ∗m2l2 (nˆ)
∫
dmˆY m
′
l′ (mˆ)Y
∗m3
l3
(mˆ)Y m4l4 (mˆ) ,
(6.15)
involving two cumulants of the SZ thermal and SZ kinetic effect, respectively.
After the multipole moments of the SZ effect in Eq. 6.1 and the kinetic SZ effect
from Eq. 5.5, we can write the cumulant involving the four moments as
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉
=
(4π)8
9
∫
dr1...
∫
dr4
∫
d3k1
(2π)3
...
∫
d3k6
(2π)3
∑
l′
1
m′
1
l′′
1
m′′
1
m′′′
1
∑
l′
2
m′
2
l′′
2
m′′
2
m′′′
2
il
′
1
+l′′
1
+l4(−i)l′2+l′′2+l3
× (gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)〈δδ(k1)δg(k2)δδ(k3)δg(k4)δΠ(k5)δΠ(k6)〉
× jl′1(k1r1)
k1
jl′′
1
(k2r1)
jl′
2
(k3r2)
k3
jl′′
2
(k4r2)jl3(k5r3)jl4(k6r4)
× Y m′1l′
1
(kˆ1)Y
m′′′
1
1 (kˆ1)Y
m′′
1
l′′
1
(kˆ2)Y
m′
2
l′
2
(kˆ3)Y
m′′′
2
1 (kˆ3)Y
m′′
2
l′′
2
(kˆ4)Y
m3
l3
(kˆ5)Y
m4
l4
(kˆ6)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y
m′′
1
∗
l′′
1
(nˆ)Y
m′′′
1
∗
1 (nˆ)
×
∫
dmˆY m2∗l2 (mˆ)Y
m′
2
∗
l′
2
(mˆ)Y
m′′
2
∗
l′′
2
(mˆ)Y
m′′′
2
∗
1 (mˆ) .
(6.16)
The cumulant involving six density, baryon and pressure fluctuations can be bro-
ken in to two parts involving a Gaussian term, with contributions coming from power
spectra of velocities and pressure-density correlations, and a non-Gaussian term, with
the velocity power spectrum and the pressure-pressure-baryon-baryon trispectrum.
Here, we ignore the correlations between pressure and velocity or between baryons
and velocities as the scales for such correlations do not match, especially in the small
angular scale of interest here. Thus, we write
〈δδ(k1)δg(k2)δδ(k3)δg(k4)δΠ(k5)δΠ(k6)〉
= 〈δδ(k1)δδ(k3)〉〈δg(k2)δΠ(k5)〉〈δg(k4)δΠ(k6)〉
+ 〈δδ(k1)δδ(k3)〉〈δg(k2)δΠ(k5)δg(k4)δΠ(k6)〉 .
(6.17)
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We first discuss the Gaussian piece given in the first line above. This term, and a
permutation, contributes to the cross-correlation and involves the linear density field
power spectrum and the non-linear cross-correlation between baryon and pressure
fields. Keeping track of the permutation, and after several simplifications, we write
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉G
=
(4π)8
9
∫
dr1...
∫
dr4
∫
d3k1
(2π)3
∫
d3k2
(2π)3
∫
d3k4
(2π)3
∑
l′
1
m′
1
m′′′
1
∑
l′
2
m′
2
m′′′
2
il
′
1
+l3+l4(−i)l′2+l3+l4
× (gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)P linδδ (k1)PgΠ(k2)PgΠ(k4)
× jl′1(k1r1)
k1
jl3(k2r1)
jl′
2
(k1r2)
k1
jl4(k4r2)jl3(k2r3)jl4(k4r4)
× Y m′1l′
1
(kˆ1)Y
m′′′
1
1 (kˆ1)Y
m′
2
l′
2
(kˆ1)Y
m′′′
2
1 (kˆ1)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y m3∗l3 (nˆ)Y
m′′′
1
∗
1 (nˆ)
×
∫
dmˆY m2∗l2 (mˆ)Y
m′
2
∗
l′
2
(mˆ)Y m4∗l4 (mˆ)Y
m′′′
2
∗
1 (mˆ) .
(6.18)
Following our derivation of the kinetic SZ power spectrum, we can simplify to
obtain
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉G =
23
π3
∫
dr1...
∫
dr4
∫
k21dk1
∫
k22dk2
∫
k24dk4
×
∑
l′
1
(gG˙G)r1(gG˙G)r2W
sz(r3)W
sz(r4)P
lin
δδ (k1)PgΠ(k2)PgΠ(k4)
×
j′l′
1
(k1r1)
k1
jl3(k2r1)
j′l′
1
(k1r2)
k1
jl4(k4r2)jl3(k2r3)jl4(k4r4)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y m3∗l3 (nˆ)
∫
dmˆY m2∗l2 (mˆ)Y
m′
1
∗
l′
1
(mˆ)Y m4∗l4 (mˆ) .
(6.19)
Finally, collecting all terms, we write the Gaussian piece of the cross-correlation
power between the squared temperatures between thermal SZ and kinetic SZ as
〈akSZ2lm a∗SZ
2
l′m′ 〉G = CGl δl,l′δm,m′
=
∑
l1m1l2m2
∑
l3m3l4m4
∑
l′
1
23
π3
∫
dr1...
∫
dr4
∫
k21dk1
∫
k22dk2
∫
k24dk4
× (gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)P linδδ (k1)PgΠ(k2)PgΠ(k4)
×
j′l′
1
(k1r1)
k1
jl3(k2r1)
j′l′
1
(k1r2)
k1
jl4(k4r2)jl3(k2r3)jl4(k4r4)
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×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y m3∗l3 (nˆ)
∫
dmˆY m2∗l2 (mˆ)Y
m′
1
∗
l′
1
(mˆ)Y m4∗l4 (mˆ)
×
∫
dnˆY ∗ml (nˆ)Y
m1
l1
(nˆ)Y ∗m2l2 (nˆ)
∫
dmˆY m
′
l′ (mˆ)Y
∗m3
l3
(mˆ)Y m4l4 (mˆ) .
(6.20)
The last four integrals lead to a term that is∑
m1m2m3m4
(
l1 l
′
1 l3
m1 m
′
1 m3
)(
l2 l
′
1 l4
m2 m
′
1 m4
)(
l l1 l2
m m1 m2
)
(
l′ l3 l4
m′ m3 m4
)
=
δll′δmm′
2l + 1
{
l4 l2 l
l1 l3 l
′
1
}
(6.21)
Thus, simplifying we obtain
CGl =
∑
l1l2l3l4l′1
∏4
i=1(2li + 1)(2l
′
1 + 1)
4π
×
(
l1 l
′
1 l3
0 0 0
)(
l2 l
′
1 l4
0 0 0
)(
l l1 l2
0 0 0
)(
l l3 l4
0 0 0
){
l4 l2 l
l1 l3 l
′
1
}
× 2
3
π3
∫
dr1...
∫
dr4
∫
k21dk1
∫
k22dk2
∫
k24dk4
× (gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)P linδδ (k1)PgΠ(k2)PgΠ(k4)
×
j′l′
1
(k1r1)
k1
jl3(k2r1)
j′l′
1
(k1r2)
k1
jl4(k4r2)jl3(k2r3)jl4(k4r4) .
(6.22)
Note that there is an additional term, due to a permutation, which involves by inter-
changing l3 and l4 (with l
′
1).
Similar to the Limber approximation used with the derivation of the kinetic SZ
power spectrum, we can integrate over Bessel functions and simplify to obtain
CGl =
∑
l1l2l3l4l′1
∏4
i=1(2li + 1)(2l
′
1 + 1)
4π
×
(
l1 l
′
1 l3
0 0 0
)(
l2 l
′
1 l4
0 0 0
)(
l l1 l2
0 0 0
)(
l l3 l4
0 0 0
){
l4 l2 l
l1 l3 l
′
1
}
× 2
π
∫
dr1
d2A
∫
dr2
d2A
∫
k21dk1(gG˙)r1(gG˙)r2W
sz(r1)W
sz(r2)
× P linδδ (k1)PgΠ
(
l3
dA
; r1
)
PgΠ
(
l4
dA
; r2
)
j′l′
1
(k1r1)
k1
j′l′
1
(k1r2)
k1
.
(6.23)
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The non-Gaussian piece takes a similar form. After introducing the trispectrum
of pressure-pressure-baryon-baryon fluctuations and the power spectrum of velocity
correlations, we write
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉NG =
(4π)8
9
∫
dr1...
∫
dr4
×
∫
d3k1
(2π)3
∫
d3k2
(2π)3
∫
d3k4
(2π)3
∫
d3k5
(2π)3
∫
d3k6
(2π)3
×
∑
l′
1
m′
1
l′′
1
m′′
1
m′′′
1
∑
l′
2
m′
2
l′′
2
m′′
2
m′′′
2
il
′
1
+l3+l4(−i)l′2+l3+l4(gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)
× P linδδ (k1)(2π)3TΠgΠg(k2,k4,k5,k6)δD(k2 + k4 + k5 + k6)
× jl′1(k1r1)
k1
jl′′
1
(k2r1)
jl′
2
(k1r2)
k1
jl′′
2
(k4r2)jl3(k2r3)jl4(k4r4)
× Y m′1l′
1
(kˆ1)Y
m′′′
1
1 (kˆ1)Y
m′
2
l′
2
(kˆ1)Y
m′′′
2
1 (kˆ1)Y
m′′
1
l′′
1
(kˆ2)Y
m′′
2
l′′
2
(kˆ4)Y
m3
l3
(kˆ5)Y
m4
l4
(kˆ6)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y
m′′
1
∗
l′′
1
(nˆ)Y
m′′′
1
∗
1 (nˆ)
×
∫
dmˆY m2∗l2 (mˆ)Y
m′
2
∗
l′
2
(mˆ)Y
m′′
2
∗
l′′
2
(mˆ)Y
m′′′
2
∗
1 (mˆ) .
(6.24)
To simplify, we expand the delta function associated with the trispectrum in to
two separate triangular parts:
δD(k2 + k4 + k5 + k6)
=
∫
d3k′
(2π)3
(2π)3δD(k2 + k4 + k
′)δD(k5 + k6 − k′)
=
∫
d3x1
(2π)3
eix1·(k2+k4+k
′)
∫
d3x2
(2π)3
eix2·(k5+k6−k
′) .
(6.25)
The assumption here is that through this vector expansion, the vectorial represen-
tation of the quadrilateral formed by the trispectrum can be expressed through a
vectorial configuration of two triangles involving two sides and the diagonal, respec-
tively. With this, the trispectrum is expressed to be dependent only on the magnitude
of the vectors k2,k4,k5,k6 and not on their directions. Using the Rayleigh expansion
(Eq. 2.8) in above, we simplify to obtain
〈akSZl1m1akSZl2m2a∗SZl3m3aSZl4m4〉NG =
(4π)14
9
∫
dr1...
∫
dr4
∑
l′
1
m′
1
l′′
1
m′′
1
m′′′
1
∑
l′
2
m′
2
l′′
2
m′′
2
m′′′
2
∑
LM
×
∫
d3k1
(2π)3
∫
d3k2
(2π)3
∫
d3k4
(2π)3
∫
d3k5
(2π)3
∫
d3k6
(2π)3
∫
d3k′
(2π)3
126
× il′1+l3+l4+L(−i)l′2+l3+l4−Lil′′1+l′′2+l3+l4
× (gG˙G)r1(gG˙G)r2W sz(r3)W sz(r4)P linδδ (k1)TΠgΠg(k2, k4, k5, k6)
× jl′1(k1r1)
k1
jl′′
1
(k2r1)
jl′
2
(k1r2)
k1
jl′′
2
(k4r2)jl3(k2r3)jl4(k4r4)
×
∫
x21dx1jl′′1 (k2x1)jl′′2 (k4x1)jL(k
′x1)
∫
x22dx2jl3(k5x2)jl4(k6x2)jL(k
′x2)
× Y m′1l′
1
(kˆ1)Y
m′′′
1
1 (kˆ1)Y
m′
2
l′
2
(kˆ1)Y
m′′′
2
1 (kˆ1)
×
∫
dxˆ1Y
m′′
1
l′′
1
(xˆ1)Y
m′′
2
l′′
2
(xˆ1)Y
M
L (xˆ1)
∫
dxˆ2Y
m′′
1
l′′
1
(xˆ2)Y
m′′
2
l′′
2
(xˆ2)Y
M
L (xˆ2)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y
m′′
1
∗
l′′
1
(nˆ)Y
m′′′
1
∗
1 (nˆ)
×
∫
dmˆY m2∗l2 (mˆ)Y
m′
2
∗
l′
2
(mˆ)Y
m′′
2
∗
l′′
2
(mˆ)Y
m′′′
2
∗
1 (mˆ) .
(6.26)
Following our derivation of the kinetic SZ power spectrum, and employing the
Limber approximation on the Bessel functions, we can simplify further and write
the non-Gaussian piece of the correlation between the squared temperatures of SZ
thermal and SZ kinetic effects as
〈akSZ2lm a∗SZ
2
l′m′ 〉NG = CNGl δl,l′δm,m′
=
2
π
∫
dr
d6A
∫
k21dk1
∑
l′
1
m′
1
l′′
1
m′′
1
∑
l′′
2
m′′
2
LM
[
(gG˙)W sz(r)
]2
× P linδδ (k1)TΠgΠg
(
l′′1
dA
,
l′′2
dA
,
l3
dA
,
l4
dA
; r
)(
j′l′
1
(k1r)
k1
)2
×
∫
dxˆ1Y
m′′
1
l′′
1
(xˆ1)Y
m′′
2
l′′
2
(xˆ1)Y
M
L (xˆ1)
∫
dxˆ2Y
m′′
1
l′′
1
(xˆ2)Y
m′′
2
l′′
2
(xˆ2)Y
M
L (xˆ2)
×
∫
dnˆY m1∗l1 (nˆ)Y
m′
1
∗
l′
1
(nˆ)Y
m′′
1
∗
l′′
1
(nˆ)
∫
dmˆY m2∗l2 (mˆ)Y
m′
2
∗
l′
1
(mˆ)Y
m′′
2
∗
l′′
2
(mˆ)
×
∫
dnˆY ∗ml (nˆ)Y
m1
l1
(nˆ)Y ∗m2l2 (nˆ)
∫
dmˆY m
′
l′ (mˆ)Y
∗m3
l3
(mˆ)Y m4l4 (mˆ) .
(6.27)
Following simplifications used in the case of the Gaussian part, we find
CNGl =
∑
l1l2l3l4l′1l
′′
1
l′′
2
∏4
i=1(2li + 1)(2l
′
1 + 1)(2l
′′
1 + 1)(2l
′′
2 + 1)
(4π)3
×
(
l1 l
′
1 l
′′
1
0 0 0
)(
l2 l
′
1 l
′′
2
0 0 0
)(
l l1 l2
0 0 0
)(
l l′′1 l
′′
2
0 0 0
)(
l l3 l4
0 0 0
)2
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×
{
l1 l
′
1 l
l′′2 l
′′
1 l2
}
2
π
∫
dr
d6A
[
(gG˙)W sz(r)
]2
× TΠgΠg
(
l′′1
dA
,
l′′2
dA
,
l3
dA
,
l4
dA
; r
)∫
k21dk1P
lin
δδ (k1)
(
j′l′
1
(k1r)
k1
)2
.
(6.28)
Note that the total contribution to the thermal SZ2-kinetic SZ2 power spectrum
is
C2kSZ−SZl = C
G
l + C
NG
l . (6.29)
Since the full calculation of the squared power spectra is computationally time con-
suming, we make several simplifications as outline in the next subsection. These sim-
plifications make use of the fact that at small angular scales, we can utilize flat-sky
approximations and that at the same scales, the velocity field is completely indepen-
dent of the baryon field itself.
6.3.1 Flat-sky approach
Similarly, we can derived the temperature squared power spectrum of kinetic and
thermal SZ effects in the flat-sky limit. In the same limit, we also take the velocity
field of the kinetic SZ effect to be independent of the baryon fluctuations. Following
our previous definitions, we define the flat sky temperature squared power spectrum
as
〈Θ2kSZ(l)Θ2SZ(l′)〉 = (2π)2δD(l+ l′)C2kSZ−SZl , (6.30)
where the Fourier transform of the squared temperature can be written as a convo-
lution of the temperature transforms
Θ2(l) =
∫
dl1
(2π)2
Θ(l1)Θ(l− l1) . (6.31)
Here, it should be understood that Θ2(l) refers to the Fourier transform of the square
of the temperature rather than square of the Fourier transform of temperature. We
will denote the latter as [Θ(l)]2. To compute the square of the SZ thermal and SZ
kinetic temperature power spectrum, we take
〈Θ2kSZ(l)Θ2SZ(l′)〉 = (2π)2δD(l+ l′)Cl
=
∫
dl1
(2π)2
∫
dl2
(2π)2
〈ΘkSZ(l1)ΘkSZ(l− l1)ΘSZ(l2)ΘSZ(l′ − l2)〉 .
(6.32)
Note that the Fourier transform of the temperature fluctuations in the flat sky is
Θ(l) =
∫
d2θe−il·θT (θ) . (6.33)
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In the small scale limit where the density field is separated from the velocity
field, we can write the above cumulant again in two parts with one involving power
spectrum and another with the trispectrum. We first write down the Gaussian-like
piece as
〈ΘkSZ(l1)ΘkSZ(l− l1)ΘSZ(l2)ΘSZ(l′ − l2)〉G =∫
dr1
d4A
∫
dr2
d4A
[
g(r1)W
SZ(r2)
]2 1
3
v2rms
×
∫
dk1
(2π)
∫
dk2
(2π)
eik1r1eik2r2
〈
δg
[
l1
dA
, k1
]
Π
[
l2
dA
, k2
]〉
×
∫
dk3
(2π)
∫
dk4
(2π)
eik3r1eik4r2
〈
δg
[
l− l1
dA
, k3
]
Π
[
l′ − l2
dA
, k4
]〉
,
(6.34)
where we have taken 〈(θˆ · v)(θˆ′ · v′)〉 ∼ 1/3v2rms with 1/3 coming from the fact that
only a third of the velocity component contribute to the line of sight rms. We can
now introduce the power spectra in above correlators such that
〈ΘkSZ(l1)ΘkSZ(l− l1)ΘSZ(l2)ΘSZ(l′ − l2)〉G =∫
dr1
d4A
∫
dr2
d4A
[
g(r1)W
SZ(r2)
]2 1
3
v2rms
×
∫
dk1
(2π)
eik1(r1−r2)(2π)2δD
(
l1
dA
+
l2
dA
)
PgΠ
[√
l21
r21
+ k21
]
×
∫
dk3
(2π)
eik3(r1−r2)(2π)2δD
(
l− l1
dA
+
l′ − l2
dA
)
PgΠ
[√
|l − l1|2
r21
+ k23
]
,
(6.35)
and the integrals over the line-of-sight wavevectors behave such that only perpen-
dicular Fourier modes contribute to the projected field, such that l2/d2A ≫ k2. This
is the so-called Limber approximation (Limber 1954). Doing the integral over the
wavevector, then, results in a delta function in (r1 − r2) such that only contributions
come from the same redshift. Putting the correlator back in the power spectrum
equation (Eq. 6.32), we now get
CGl =
∫
d2l1
(2π)2
∫
dr
d4A
(gG˙)2W sz(r)22PgΠ
(
l1
dA
; r
)
PgΠ
( |l− l1|
dA
; r
)
1
3
v2
rms
,
(6.36)
where we have introduced a factor of 2 account for the additional permutation involved
in the baryon density-pressure correlation.
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Similarly, the non-Gaussian piece follows as
CNGl =
∫
d2l1
(2π)2
∫
d2l2
(2π)2
∫
dr
d6A
(gG˙)2W sz(r)2
1
3
v2
rms
× TgΠgΠ
[(
l1
dA
)
,
( |l− l1|
dA
)
,
(
l2
dA
)
,
( |l+ l2|
dA
)
; r
]
.
(6.37)
Since we only use the single halo term to calculate TgΠgΠ, the arguments are simply
scalars and does not dependent on the orientation of the quadrilateral. In general,
however, the trispectrum depends on the length of the four sides plus the orientation
of at least one of the diagonals.
Comparing the flat sky power spectra written above and the ones derived under
the all-sky assumption, we note that the two are related under similar approximations
as the ones suggested for comparison between the all-sky and flat-sky kinetic SZ power
spectra. For example, for the Gaussian piece, we can obtain the correspondence by
setting l1 ∼ l4 and l2 ∼ l3, and further simplifying to separate
CGl =
∑
l3l4
(2l3 + 1)(2l4 + 1)
4π
(
l l3 l4
0 0 0
)2
×
∫
dr
d4A
(gG˙G)2W sz(r)2PgΠ
(
l3
dA
)
PgΠ
(
l4
dA
)
1
3
v2
rms
.
(6.38)
This requires the sum
∑
l1l2l′1
(2l1 + 1)(2l2 + 1)(2l
′
1 + 1)
(
l1 l
′
1 l2
0 0 0
)2{
l1 l2 l
l1 l2 l
′
1
}
[j′l′
1
(kr)]2 =
1
3
.
(6.39)
We note here that the above relation and the one suggested in Eq. 5.17 agree if we
set the index associated with the Bessel function to either l1 or l2 such that the l
′
1
sum reduces to ∑
l′
1
(2l′1 + 1)
{
l1 l2 l
l1 l2 l
′
1
}
= 1 (6.40)
when l1, l2, l satisfy the triangular condition. This condition is, in fact, imposed by
the Wigner-3j symbol in above.
Finally, the correspondence between the flat sky l, l1 and all sky l, l3, l4 can be
noted by introducing l3 = l − l1 and expanding the delta function of δ(l − l1 − l3)
to obtain a Wigner-3j squared symbol in l, l1, l3 which correspond to l, l3, l4 in the
flat sky formulation. We refer the reader to Hu (2000b) for further details in such
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a reduction. Similarly, we can obtain the correspondence between the flat-sky non-
Gaussian expression and the all-sky non-Gaussian expression through a simplification
as above for the Wigner-6j symbol. To obtain the correspondence between l, l1, l2 in
flat-sky and l, l1, l2, l3, l4 we can introduce l3 = l − l1 and l4 = l + l2 to the flat sky
expression and break the delta function formed by the flat sky trispectrum involving
l1 + l2 + l3 + l4 to be two parts involving two sides and the diagonal formed by the l
and expand that as suggested above from Hu (2000b). Following simplifications used
in the case of the Gaussian part, we find the non-Gaussian piece to be
CNGl =
∑
l1l2l3l4
∏4
i=1(2li + 1)
(4π)2
(
l l1 l2
0 0 0
)2(
l l3 l4
0 0 0
)2
×
∫
dr
d6A
[
(gG˙)W sz(r)
]2
TΠgΠg
(
l′′1
dA
,
l′′2
dA
,
l3
dA
,
l4
dA
; r
)
1
3
v2rms .
(6.41)
6.3.2 Signal-to-Noise
In order to calculate the possibility for a detection of the thermal SZ2-kinetic SZ2
power spectrum, we calculate the signal-to-noise for the detection in couple of exper-
imental possibilities. First, we need to covariance of the estimator involved with the
measurement of the squared power spectrum:
Cˆ2kSZ−SZl =
Af
(2π)2
∫
d2l
As
Θ2kSZ(l)Θ2SZ(−l) . (6.42)
Here, As =
∫
d2l is the area in the two-dimensional shell in Fourier space over which
the integral is done and Af is the total area of the survey in Fourier space and can
be written as Af = (2π)
2/Ω with a total survey area on the sky of Ω. Following
Zaldarriaga (2000), we can write down the covariance of our estimator as
Cov
[(
Cˆ2kSZ−SZl
)2]
=
Af
As
[(
C2kSZ−SZl
)2
+ C2kSZ−kSZl C
2SZ−SZ
l
]
,
(6.43)
where C2kSZ−kSZl is the squared power spectrum of kinetic SZ and thermal SZ while
C2kSZ−kSZl and C
2SZ−SZ
l are the squared power spectra of kinetic SZ and thermal SZ
respectively. Here, we assume that squared fields are Gaussian. To calculate C2kSZ−kSZl
and C2SZ−SZl we make several assumptions: We assume that the temperature squared
power spectrum will be measured using two maps involving frequency separated SZ
contribution (which will have ΘSZ + Θnoise) and a map with kinetic SZ contribution
with the CMB primary component, such that the will be composed of Θprimary +
131
250 750 1250
l
105
103
101
101
S/
N
in CMB
with S
Z Clea
ned
with Doppler SZ 
also cleaned
2500 3500 4500
l
100
101
102
S/
N
(a)
(b)
Figure 6.4 The cumulative signal-to-noise for the detection of the thermal SZ-kinetic
SZ squared temperature power spectrum. In (a), we consider a large angular scale
experiment. The cumulative signal-to-noise, even with a perfectly cleaned SZ map,
is significantly less than 1. In (b), we show the cumulative signal-to-noise for a small
angular scale experiment; There is now adequate signal-to-noise.
ΘkSZ + Θnoise
′
. Following such a separation we can write the C2SZ−SZl and C
2kSZ−kSZ
l
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as
〈Θ2SZ(l)Θ2SZ(l′)〉 = (2π)2δD(l+ l′)C2SZ−SZl
=
∫
dl1
(2π)2
∫
dl2
(2π)2
〈ΘSZ(l1)ΘSZ(l− l1)ΘSZ(l2)ΘSZ(l′ − l2)〉 .
=
∫
dl1
(2π)2
[
2CSZl1 C
SZ
|l−l1| +
∫
dl2
(2π)2
T SZ(l1, l− l1, l2,−l− l2)
]
,
(6.44)
where the contributions now come from a Gaussian piece involving the SZ power
spectra and a non-Gaussian piece through the SZ trispectrum. Since the primary
component fluctuations dominate the kinetic SZ temperature, and that there is no
measurable trispectrum for this component under current adiabatic CDM predictions
we ignore any non-Gaussian contribution to C2kSZ−kSZl , and write it as the one with
the Gaussian piece in above. This assumption is also safe at small angular scales when
ΘkSZ > Θprimary since the kinetic SZ effect, under our halo description, is dominated
by the large scale correlations and not the single halo term out to l ∼ 104.
In the Eq. 6.43, the ratio of As/Af is the total number of modes that mea-
sures the squared power spectrum independently and can be approximated such that
As/Af = fsky(2l + 1). To calculate the signal-to-noise involved in the detection of
the squared temperature power spectrum, we consider an optimized estimator with
weighing factor Wl such that
Yˆ =
∑
l
WlCˆ
2kSZ−SZ
l , (6.45)
and write the signal-to-noise as
S
N
=
[
〈Yˆ 〉2
Cov(Yˆ 2)
]1/2
. (6.46)
The weight Wl that maximizes the signal-to-noise is Wl = C
2kSZ−SZ
l /Cov[(C
2kSZ−SZ
l )
2]
(Zaldarriaga 2000) and we can write the required signal-to-noise as
S
N
=
[
fsky
∑
l
(2l + 1)
(
C2kSZ−SZl
)2(
C2kSZ−SZl
)2
+ C2kSZ−kSZl C
2SZ−SZ
l
]1/2
.
(6.47)
6.4 Discussion
In Fig. 6.3(a), we show the power spectrum of squared temperatures for the SZ
thermal and SZ kinetic effects using the halo term. Here, we have separated the
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Gaussian and non-Gaussian contribution to the squared power spectrum. As shown,
the non-Gaussian contribution to the power spectrum is significantly higher than the
Gaussian contributions.
The Gaussian contribution to the squared power spectrum traces the pressure-
baryon density field power spectrum, which is shown in Fig. 6.2(a) using the halo
model. In the same figure, for comparison, we also show the pressure-pressure
power spectrum and the correlation coefficient for pressure-baryon with respect to
the pressure-pressure and baryon-baryon power spectra. The correlation behaves
such that pressure and baryons trace each other at very large scales while the correla-
tion is decreased at small scales due to the turn over in the pressure power spectrum.
This is equivalent to the statement that there is no low mass halo contribution to the
pressure power spectrum; these halos continue to contribute to the baryon density
field power spectrum.
The non-Gaussian contribution to the thermal SZ-kinetic SZ squared temperature
power spectrum traces the trispectrum formed by pressure and density field. We
show this in Fig. 6.2(b) following the halo model. For comparison, we also show
the trispectrum formed by pressure alone in the same figure. The pressure-baryon
trispectrum is such that at large scales, corresponding to linear scales, significant
contributions come from the correlations between halos instead of the single halo
term. If there are significant contributions coming to the squared temperature power
spectrum from such linear scales, the Gaussian part of the power spectrum should
dominate. Since all contributions to the squared temperature power spectrum comes
from small angular scales corresponding to non-linear scales in the pressure-baryon
trispectrum, we only use the single halo contribution in calculating the non-Gaussian
part of the squared temperature power spectrum. In both Gaussian and non-Gaussian
parts of the power spectrum, the velocity field of the halos are taken to be the large
scale bulk flows through the linear theory.
In order to assess the maximum possibility for a measurement of the temperature
squared power spectrum involving kinetic SZ and thermal SZ, here, we ignore the
detector and beam noise contributions to the covariance. Also, we assume full-sky
experiments with fsky = 1.
As written in Eq. 6.44, the contribution to the covariance comes as a convolution
in Fourier space. Thus, even at small angular scales corresponding to high mul-
tipoles, noise contributions can come from large angular scales or low wavelength
modes. Such modes do not have any signal and by only contributing to the variance,
they can reduce the effective signal-to-noise in the measurement. Since the squared
power spectrum effectively peaks at multipoles of ∼ 104, we can essentially ignore any
contribution to the signal, as well as noise, from multipoles less than few thousand.
These are the same multipoles in which the CMB primary anisotropies dominate,
thereby, increasing the effective noise for the measurement. In order to remove the
low multipoles, we introduce a filtering scheme to the spherical or Fourier transform
of the temperature anisotropy measurements and suppress the low multipole data
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such that the filter essentially acts as a high pass filter above some l > lmin.
In Fig. 6.3(b), we show the cumulative signal to noise for the measurement of the
thermal SZ-kinetic SZ squared temperature power spectrum. Here, we have assumed
an experiment, with no instrumental noise, such that information is only used in
multipoles of 2000 to 10000. We find significant signal-to-noise for the detection of
the squared temperature power spectrum, especially when using a frequency cleaned
SZ map with a CMB map, which has no SZ contribution. One can in fact use the CMB
map itself especially if multifrequency information is not available for SZ separation.
Since an experiment with multipolar information out to l ∼ 104 will not readily be
available, we consider two separated realistic cases, involving a large angular scale
experiment, similar to Planck, and a small angular scale experiment similar to the
ones proposed for the study of SZ effect. We summarize our results in Fig. 6.4. As
shown in (a), an experiment only sensitive to multipolar information ranging from
100 to 1500 does not have any signal-to-noise for a detection of the squared power
spectrum. With a perfect SZ separated map in this multipolar range, the cumulative
signal-to-noise for the squared power spectrum is in the order of ∼ 0.01. Thus, it is
unlikely that Planck data will be useful for this study. Since we have not included
any instrumental noise in calculating signal-to-noise, the realistic signal-to-noise for
Planck would be even lower.
Going to smaller angular scales, we find that the signal increases significantly such
that an experiment only sensitive to the range of l ∼ 2000 to 5000 has adequate signal-
to-noise for a detection of the squared power spectrum. A multifrequency experiment
in the arcminute scales can use its frequency cleaned SZ map to cross-correlate with
the CMB map and obtain the squared power spectrum with a cumulative signal-to-
noise of order few tens. A comparison to Fig. 6.3(b), suggests that going to lower
scales beyond 5000 increases the signal-to-noise, and this is due to the fact that SZ
thermal-SZ kinetic squared power spectrum peaks at multipoles of ∼ 7000 to 8000,
suggesting that for an optimal detection of the squared power spectrum, one should
also include observations out to such high multipoles. The increasing activity in the
experimental front suggest that such possibilities will soon be available.
CHAPTER 7
ANGULAR POWER SPECTRUM OF DARK MATTER
HALOS AS A COSMOLOGICAL TEST
7.1 Introduction
A significant number of observational attempts are now underway to image the large
scale structure of the universe out to a redshift of a few. These wide-field surveys
involving many tens to thousands of square degrees of angular area on the sky include
some of the unique experimental attempts in astronomy: the ongoing Sloan Digital
Sky Survey1, which measures the distribution of galaxies, the planned weak grav-
itational lensing shear (see, review by Bartelmann & Schneider 2000) observations
with dedicated instruments such as the Large Synoptic Survey Telescope (LSST;
Tyson & Angel 2000) and the Sunyaev-Zel’dovich (SZ; Sunyaev & Zel’dovich 1980)
effect on the temperature fluctuations of the cosmic microwave background (CMB) at
the combined BIMA/OVRO array (CARMA; John Carlstrom, private communica-
tion) and with other instruments (e.g., BOLOCAM at CSO; Andrew Lange, private
communication). In addition to measurement of properties involved with each of
these effects, such as galaxy power spectrum in the case of Sloan or the shear cor-
relations in the case of lensing, these surveys also probe the underlying dark matter
distribution of the local universe that define the large scale structure.
Under the context of cold dark matter (CDM) models for structure formation,
the dark matter distribution within and between halos has properties that have been
intensely studied through analytical techniques and numerical simulations. In par-
ticular, analytical descriptions now exist for the abundance (e.g., Press-Schechter
mass function; Press & Schechter 1974), profile (e.g., Navarro-Frenk-White profile;
Navarro et al 1996) and correlations of halos of a given mass. Under this halo ap-
proach to non-linear clustering, the underlying dark matter distribution of the large
scale structure can be described through halos and these halos trace the linear density
field power spectrum with a mass and redshift dependent bias given by the halo bias
model of Mo & White (1996). Using such a halo description, several authors have
now shown how to construct the clustering properties of the large scale structure dark
matter and other physical properties (e.g., Seljak 2000; Cooray et al 2000b; Ma & Fry
2000a; Scoccimarro et al. 2000; Cooray 2000).
In Cooray et al (2000b), Cooray & Hu (2001a) and Cooray & Hu (2001b), we
studied the statistical properties, mainly the power spectrum, bispectrum and the
trispectrum, of weak gravitational lensing convergence of large scale structure through
halos. In these papers, we have shown how to construct the statistical measurements
of lensing through properties of the dark matter distribution within halos and large
scale correlations between halos. The upcoming wide-field weak lensing observations,
1http://www.sdss.org
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through galaxy shear data, will essentially measure properties studied in these papers.
In addition to statistical properties of weak lensing, the wide-field maps created in the
data reduction process is expected to contain additional information such as the spa-
tial distribution of dark matter halos (see, e.g., Kruse & Schneider 1999). Similarly,
with galaxy imaging data in surveys such as Sloan, one can use the spatial distri-
bution and surface density of galaxies to construct halo catalogs (e.g., Kepner et al.
1998).
Thus, it is expected that in wide-field images from current and upcoming surveys,
one can identify and produce catalogs of halos responsible for large scale clustering.
In fact, with some effects such as the SZ, one should be able to readily identify the
halos; in the case of the SZ effect, this is due to fact that large scale pressure power
spectrum is mainly due to the massive halos in the universe with highest temperature
electrons (see, Cooray 2000). Thus, instead of measuring correlation function of
the effect itself, one can use the number counts of detected SZ halos as a probe of
cosmology (e.g., Haiman et al. 2000). In addition to the number counts, important
cosmological and astrophysical information can also be obtained through the spatial
distribution of halos.
Making an additional use of the spatial distribution of halos in wide-field surveys,
we propose the measurement of the comoving angular diameter distance through
the angular power spectrum associated with clustering. As in many other classical
tests of cosmology, the standard ruler of the proposed test is the shape of the linear
power spectrum, which is what will be measured most accurately with upcoming CMB
anisotropy observations. With adequate redshift information for halos, such that halo
redshift distribution can be binned reliably, we show how one can essentially measure
the angular diameter distance to each of the bins through information related to
projected linear density power spectrum. Under a cosmological description of the
distance, and the evolution of growth, one can determine parameters such as an
equation of state for an additional energy density component.
Our proposed cosmological test can be performed easily with upcoming wide-field
surveys and will provide an additional use of the data. To a large extent, the method
is independent of assumptions such as the mass function which is necessary in many
cosmological tests related to number counts. To fully exploit the method, however,
a proper understanding of halo bias is needed. Since dark matter halos are involved,
necessary information on bias comes directly from N-body simulations. The method
can be performed with sources such as galaxies, though, fully understanding galaxy
bias can be a problem due to uncertainties associated with galaxy formation etc. Also,
since more than one galaxy is present in halos, redshifts for halos can be accurately
obtained through photometric techniques than for an individual galaxy. Here, we
make the assumption that halo bias is scale independent, though, we will investigate
the effect of a scale dependence and suggest that a sharp variation in the halo bias
from constant linear value at large scales to a scale-dependent value, say due to the
onset of on-linearities, produce a sharp feature in the halo angular power spectrum;
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such features increase the ability of the halo angular power spectrum as a probe of
cosmology. Also, features such as the oscillations due to baryons provide a direct
method to calibrate the distance scale independent of other measures of distance.
Thus, the technique has the added advantage that it may provide absolute measures
of distance.
In the next section, we make predictions for the halo angular power and show
that it can be detected in upcoming wide-field surveys. For the illustration of our re-
sults, we take a ΛCDM cosmology with parameters Ωm = 0.35 for the matter density,
Ωb = 0.05 for the baryon density, ΩΛ = 0.65 for the cosmological constant, h = 0.65 for
the dimensionless Hubble constant, and a scale-invariant spectrum of primordial fluc-
tuations, normalized to galaxy cluster abundances (σ8 = 0.9; see, Viana & Liddle).
For the linear power spectrum, we take the fitting formula for the transfer function
given in Eisenstein & Hu (1999). We use Press-Schechter (PS; Press & Schechter
1974) based theory to define halo redshift distribution. For the illustration of results,
we assume a survey of 4000 degrees2 with a sensitivity to a minimum halo mass of 1014
M⊙; The survey area and threshold mass are consistent with planned upcoming lens-
ing and SZ effect surveys (for discussions, see Kruse & Schneider 1999; Holder et al.
2000; Joffre et al. in preparation).
7.2 Angular Power Spectrum
The halo angular power spectrum probes the statistical properties of the halo density
field on the sky which is a weighted projection of the matter distribution along the line
of sight. We define the angular power spectrum of halos in the flat sky approximation
in the usual way
〈nh(l1)nh(l2)〉 = (2π)2δD(l1 + l2)Cl . (7.1)
Through radial distance projection, we can write (e.g., Kaiser 1992)
Cl =
∫
dr
W 2(r)
d2A
Phh
(
l
dA
; r
)
. (7.2)
Here, r is the comoving radial distance, dA is the comoving angular diameter distance
2,
and W (r) is the normalized radial distribution of the halos. In deriving Eq. 7.2, we
have utilized the Limber approximation (Limber 1954) by setting k = l/dA.
Assuming that halos trace the linear density field, we can write the large scale
halo power spectrum as
Phh(k; r) = 〈bM〉2 (r)P lin(k; r) (7.3)
2Note that we use the comoving coordinates throughout. There is an additional factor of (1 + z)
involved between our definition of dA and the one commonly called angular diameter distance. The
comoving angular diameter distance has also been called the angular size distance by Peebles (1993)
and the transverse comoving distance by Hogg (1999).
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Figure 7.1 Angular power spectrum of halos in a wide-field survey in redshift bins of
0.3 to 0.4 and 1.0 and 1.2. The binned errors assume a survey of 4000 deg2, consistent
with upcoming weak lensing and SZ surveys. The angular power spectrum at high
redshifts is shifted towards the right essentially by the relative change in the comoving
angular diameter distance. The oscillations in the angular power spectra are due to
baryons in our fiducial cosmological model as calculated numerically with CMBFAST
(Seljak & Zaldarriaga 1996).
where the mass-averaged bias is
〈bM 〉 (z) = 1
n¯h(z)
∫ Mmax
M=Mmin
dM
dn(M, z)
dM
bh(M, z) (7.4)
with the mean number density of halos, as a function of redshift, given by n¯h(z) =∫
dMdn(M, z)/dM . The halo bias parameters follow from Mo & White (1996) and
Mo et al. (1997):
bh(M, z) = 1 +
[ν2(M, z)− 1]
δc
, (7.5)
where ν(M, z) = δc/σ(M, z) is the peak-height threshold. σ(M, z) is the rms fluc-
tuation within a top-hat filter at the virial radius corresponding to mass M , and δc
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is the threshold overdensity of spherical collapse. Useful fitting functions and ad-
ditional information on these quantities could be found in Henry (2000). The halo
mass distribution as a function of redshift [dn(M, z)/dM ] is determined through the
Press-Schechter (PS; Press & Schechter 1974) formalism.
Using bias and the fact that in linear theory the density field is simply scales to
higher redshifts through the growth function G(z) where δlin(k; r) = G(r)δlin(k; 0)
(Peebles 1980), we can write the angular power spectrum of halos between redshift zi
and zi +∆zi as
C il =
∫
dzWi(z)
2Fi(z)P
lin
(
l
diA
)
, (7.6)
where the function Fi(z), associated with redshift bin i, now contains information
related to halo bias, growth related to linear evolution, the power spectrum normal-
ization, and terms related to 3-d to 2-d projection (such as a 1/d2A term; see, Eq. 7.2).
As written in Eq. 7.6, we can now understand how the halo angular power spec-
trum allows a determination of the angular diameter distance. Here, Wi(z) involves
the redshift distribution of halos and this information comes straight from observa-
tions while Fi(z) contains all other unknowns associated with bias, and thus, the halo
mass function, and power spectrum normalization. Our main interest involves the
effect of 3-d density field power spectrum and its projection to 2-d angular power
spectrum through the Limber form involving k = l/diA. For a given k, since l in-
creases as dA is increased, we propose the measurement of angular diameter distance
diA through the relative shift in the halo angular power spectrum in multipole, or
Fourier, space.
7.2.1 Theoretical Expectations
In order to discuss the extent to which halos can be used to measure dA, we use simple
predictions based on the PS description of halo mass function [dn(M, z)/dM ]. We use
the linear mass-averaged bias, 〈bM 〉 (z), following the description from Mo & White
(1996). Since information related to bias is contained within Fi(z), its exact value is
not important since we construct both the angular diameter distance diA and Fi(z).
The exact properties of bias will be necessary, say, if one were to separately study
bias from linear evolution of growth. We will later use reasonable priors on bias to
estimate errors on w, the equation of state of the dark-energy component, using both
comoving angular diameter distance and linear evolution of growth.
Following previous studies on the abilities of large structure observations as a
probe of cosmology (e.g., Hu & Tegmark 1999), we can write the error on the deter-
mination of the angular power spectrum of halos as
∆Cl =
√
2
(2l + 1)fsky
(
Cl + C
S
N
l
)
, (7.7)
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where fsky = Θ
2
degπ/129600 is the fraction of the sky covered by a survey of dimension
Θdeg in degrees and C
S
N is the shot-noise power spectrum of halos. Here, we have
made the assumption that halo angular power spectrum covariance is described by
Gaussian statistics. This is a reasonable assumption to take since we are considering
the large scale clustering of halos and that we do not expect non-Gaussianities due to
a trispectrum to dominate covariance at such large scales (see, Cooray & Hu (2001b)
for a discussion of non-Gaussian contribution to the covariance in the case of weak
gravitational lensing).
The shot-noise power spectrum is given by the surface-density of halos C
S
N
l ≡ 1/N¯ ,
which will be available from observations. For calculational purposes here, we again
use PS theory to calculate N¯
N¯ =
∫
dz
d2V
dΩdz
[∫
dM
dn(M, z)
dM
]
. (7.8)
Though we calculate the shot-noise term using PS mass function, it is simply the
surface density of halos observed in the survey. The shot noise power varies with
the mass thresholds detectable in a survey, but in all interesting cases, sets the l at
which shot noise from the finite number of halos becomes important. The first term
is simply the sampling error assuming Gaussian statistics for the underlying field and
makes the fractional errors of order unity at the scale of the survey l ∼ 2π/Θdeg.
In Fig. 7.1, we illustrate the measurement of the angular diameter distance. The
two curves show the halo angular power spectra in two arbitrarily chosen redshift
bins of 0.3 to 0.4 and 1.0 to 1.2. The curve corresponding to the higher redshift
bin is clearly shifted relative to the one for the lower redshift bin. Note that the
oscillatory features corresponding to baryons in our fiducial model is horizontally
shifted and this shift simply corresponds to the relative change in the angular diameter
distance. In addition to specific features such as oscillations, which may not be
easily detectable, one can use the broad feature involving the turnover of the angular
halo power spectrum for the purpose of distance determination. Since the scale of
baryon oscillations will be known in Mpc−1 from CMB and will be observed through
projection in h Mpc−1 with halos, one can use clustering to absolutely calibrate the
distance scale through a precise measurement of h. Since there may be complications
associated with bias and the shot-noise removal, we ignore cosmological information
contained in features and only concentrate on the use of overall shape.
7.3 Parameter Estimation
To estimate how well halo clustering can recover certain cosmological and astrophys-
ical parameters, we construct the Fisher matrix:
Fαβ = −
〈
∂2 lnL
∂pα∂pβ
〉
x
, (7.9)
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Figure 7.2 (a) The limiting mass for a weak lensing survey (Joffre et al. in preparation)
and for a SZ survey (Holder et al. 2000). For the purpose of this calculation, we take
a constant minimum mass of 1014 M⊙ out to a redshift of 2. In (b), for reference we
show the redshift distribution of halos, as calculated using PS mass function, with
minimum masses as noted.
where L is the likelihood of observing a data set x given the true parameters p1 . . . pn.
With equation (7.7), the Fisher matrix for halo power becomes
Fαβ =
Nbins∑
i=1
lmax∑
l=lmin
fsky(l + 1/2)
(C il + C
i
S
N
)
∂C il
∂pα
∂C il
∂pβ
, (7.10)
with the i sum representing the sum over the total number of redshit bins. Since the
variance of an unbiased estimator of a parameter pα cannot be less than (F
−1)αα,
the Fisher matrix quantifies the best statistical errors on parameters possible with a
given data set.
We choose lmin = 2π/Θdeg when evaluating equation (7.10) as it corresponds
roughly to the survey size. The precise value does not matter for parameter estimation
due to the increase in sample variance on the survey scale. We choose a value for lmax
where C
S
N
l = Cl, which generally ranges from 200 at low redshift bins to 400 at high
redshift bins. At low redshifts, this cut off is slightly in the non-linear regime though
at redshifts greater than 0.8 or so, one is well within the linear regime. We also use
a fix lmax of 1000 in all bins, in order to understand the gain in information going to
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Figure 7.3 (a) The error on angular diameter distance as a function of redshift. We
have binned the halos to 9 redshift bins between 0 and 2. The larger errors are with
no prior assumption on the cosmological parameters that define the transfer function
while the smaller errors are with weak and strong priors (see text). We have taken
lmax of 1000. In (b), we show relative errors on distance.
such a high l. Using information out to such a high multipole value for cosmological
purposes will require a detailed understanding of shot-noise substraction.
Due to the dependence on the linear density field power spectrum, all cosmological
parameters that change the shape of the power spectrum across the scales probed by
halos also affect the measurement of distance. The shape of the transfer function is
determined by Ωmh
2 and Ωbh
2 while the overall tilt is determined by a scalar tilt ns
which we defined to be around a fixed scale. Note that these are the cosmological
parameters that will be easily determined from CMB anisotropy observations. When
estimating expected errors on distance, we will consider two sets of priors on these
cosmological parameters: a prior set consistent with expected errors from MAP mis-
sions with σ(lnΩmh
2) = 0.2 and σ(ns)= 0.11, and a prior set consistent with Planck
mission with σ(lnΩmh
2) = 0.064 and σ(ns)=0.041 (see, Eisenstein et al. 2000). In
constructing the equation of state for an dark energy, w, we make use of the infor-
mation present in both dA and G by separating F (z) to bias, growth, amplitude of
the normalization and information related to radial projection. Since we do not con-
sider information present in baryon oscillations, our predictions for angular diameter
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distance or associated cosmology is not strongly sensitive to Ωbh
2.
7.4 Results & Discussion
As the first step in distance construction through halo clustering, we consider a non-
parametric approach and study the possibility for a measurement of comoving angular
diameter distance diA to each redshift bin i. In addition to the distance measurement,
we also estimate errors on Fi(z), the normalization, which includes details on bias,
growth etc. The non-parametric approach to construct diA is such that it is inde-
pendent of a particular cosmological model (e.g., open or flat) or the form of the
additional energy density at low redshifts, such as a cosmological constant. At each
redshift bin, we consider a mean comoving angular diameter distance value valid for
that bin 〈diA〉 and replace this mean value in Eq. 7.6. This mean distance parameter
can take any value in each of the bins, independent of its value in adjacent redshift
bins. Note that the normalization of the power spectrum, in addition to bias and
growth, is included in Fi(z) and we do not need to specify them separately here.
In Fig. 7.3(a), we show three sets of errors: the largest errors assume no prior
knowledge on the transfer function, while the smaller errors correspond to priors from
MAP (Temp) and Planck (Pol) respectively. In Fig. 7.3(b), we show the fractional
percentage errors on the distance. The errors in the lowest bins tells us how well one
can estimate the Hubble constant, while the slope of dA(z) around z ∼ 1 provides
information on cosmology. Though we have parametrized the distance in each of the
redshift bins as an independent quantity, through gloabl parameters such as Ωmh
2,
the errors on each of these distance estimates are correlated with each at the 5% level.
In a realistic cosmology dA(z) is expected to be sufficiently smooth so as to be ad-
equately parameterized by a small number of parameters at the redshifts in question.
Since Ωmh
2 is already taken as a parameter, we choose the remaining parameters to
be the Hubble constant H0 and the equation of state of the dark energy w assuming
a flat Universe.
To compare with other cosmological probes we also show the constraints in the
h-w and Ωm-w plane in Fig. 7.4. The constraints from halos comes directly on the
h-w plane. As shown in Fig. 7.4(b), note that different linear combinations of Ωm
and w will be determined by halos (which probe dA at z ∼ 1) and the CMB (which
probes dA at z ∼ 1000), which in the case of CMB is shown for the Planck (with
information through polarization also). Although each constraint alone may not be
able to pin down w, the combined region on Ωm and w probed by halos and CMB
allow very interesting constraints even under our conservative assumptions. We bin
halos following the binning scheme in Fig. 7.3, which is somewhar arbitrarily chosen
in equal redshift bin sizes at low redshifts. We expect that more information, however,
can be gained by optimizing the binning strategies; we relegate these issues to future
work.
We now investigate how the relative linear evolution of growth improve constraints
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on Ωm and w. To obtain interesting constraints, we need to impose the prior on bias,
〈bM〉, and the power spectrum normalization, A, separately. In Fig. 7.5, we plot
marginalized error on w as a function of the assumed fractional prior on the quantity
of ln 〈bM〉 and for various assumptions with regards to how well we will know lnA
and h. Note that the power spectrum normalization, A, results in an overall scaling,
while the bias, which we parametrize by independent values in each redshift bin,
allows for relative variations; Since A affects only an overall scaling and cosmological
information from growth comes from relative variations, the effect of an unknown A
is minimal. The difference between an unknown A and a prior of 0.2 in lnA only
results in a maximum change of ∼ 25% in the error in w.
Finally let us address the issue of the scale-dependence of the bias. A scale-
dependent bias that can be predicted in fact aids in the determination of angular
diameter distances: the scale-dependence acts as another standardizable ruler for the
test. Indeed, the scale-dependence of the bias as a function of halo mass is some-
thing that can be precisely determined from N -body simulations Kravstov & Klypin
(1999). A more subtle problem is introduced by uncertainties in the mass threshold
or selection function. Since the bias is also mass dependent, this translates into un-
certainties in the predictions for scale-dependence. To investigate the effects of this
sort of uncertainty we can add in an additional parameter and marginalize its effects.
We take
bM (k, z) = 〈bM 〉 (z)
[
1 + f
(√
PNL(k; z)
P lin(k; z)
− 1
)]
. (7.11)
where f is dimensionless parameter meant to interpolate between the linear and non-
linear mass power spectra PNL Peacock & Dodds (1996) which has an inflection at
the non-linear scale. Under the halo model, a halo power spectrum equal to the non-
linear mass power spectrum is the extreme limit since there would then be no room
for intrahalo power associated with their profiles. Taking a fiducial model with f = 0
to be conservative, we find that, in the case with MAP (Temp) priors, error on w
increases by less than ten percent from 0.86 to 0.92.
In addition to the scale-dependent bias, the proposed test can be affected by any
process that changes the shape of the power spectrum as a function of redshift, e.g.
an eV mass neutrino and a running tilt. For neutrinos, while a precise measurement
of the linear power spectrum at low redshifts will help resolve any ambiguities, we
do not expect a running tilt to be a problem since the decade of scales in the power
spectrum probed by CMB is also what is used for the present test.
In spite of these caveats, it is clear that future surveys which can identify dark
matter halos as a function of redshift contain valuable information beyond the evolu-
tion in their number abundance. As the theoretical modelling of the halo distribution
and empirical modelling of the selection process improves, the correlation function of
the halos can provide not only the angular diameter distance measures emphasized
here but also direct measures of the growth of large-scale structure itself.
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Figure 7.4 (a) The error on parameter w, the equation of state for the additional
energy density, and h and (b) w and Ωm. We use distance information only. Here, we
e show errors for halos with priors following MAP Temp and Planck Temp+Pol.In
(b), for reference, we also show errors on Ωm and w from CMB (involving Planck
temperature and polarization) and Type Ia SNe with SNAP mission.
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Figure 7.5 The 1-σ error on w as a function of the prior on the produce of normal-
ization and bias. The four curves assume Planck (Pol) priors on Ωmh
2, ns and Ωbh
2
to define the linear power spectrum. The soild line is with no prior on lnA, and h.
The dotted line includes a prior of 0.2 in lnA, while the long dashed line is with an
addition prior of 0.1 in h. The dot-dashed line is an highly optimistic scenario with
exact A, a prior of 0.1 in h and using halo angular power spectrum information out
to lmax of 1000.
APPENDIX A
TRISPECTRUM UNDER THE HALO MODEL
In this appendix, we discuss the derivation of the trispectrum under the halo model.
Even though we limit this discussion to the trispectrum, this derivation can easily
be extended to any n-point correlation function in Fourier space. For the purpose
of this discussion, we take the approach presented in Scherrer & Bertschinger (1991)
and write the connected four-point correlation function in real space and take the
Fourier transform to construct the trispectrum.
First, we write the dark matter is distribution in halos such that the density at
location x is ρh(x;M) and the overdensity as y(x;M). We also take a mass function
for halos given by dn¯
dM
. The Fourier transform of the dark matter distribution within
a halo of mass M is
ρˆh(k;M) =
∫
d3xρh(x;M)e
−ik·x , (A.1)
and we take this to be related to the fourier transform of the overdensity: y(k,M) =
ρˆh(k;M)/ρb, with background mean density of ρb. In addition to dark matter density
field, this description applies to any property associated with halos, such as pressure.
One has to simply substitute the Fourier transform of the relevant distribution func-
tion for y(k,M) for the property of interest. In the rest of the discussion, we will
generalize the derivation with an index i in yi.
In our simplifications, we will make use of the fact that
δD(k1234) =
∫
d3x
(2π)3
e−ix·(k1+...+k4) , (A.2)
where k1234 = k1 + k2 + k3 + k4.
A fundamental assumption in the halo approach to describe non-linear clustering
is that halos themselves are clustered following fluctuations in the linear density field.
Using the halo power spectrum, Phh(k), bispectrum, Bhhh(k1,k2,k3) and trispectrum,
Thhhh(k1,k2,k3,k4), we can write the two-point
ζ2hh(M1,M2;x1,x2) =
∫
d3ki
(2π)3
(2π)3Phh(k
i;M1,M2)e
iki·(x1−x2) (A.3)
three point
ζ3hhh(M1,M2,M3;x1,x2,x3) =
∫
d3ki
(2π)3
...
∫
d3kk
(2π)3
Bhhh(k
i,kj,kk;M1,M2,M3)(2π)
3δD(kijk)e
i(ki·x1+...+kk·x3) ,
(A.4)
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and four-point
ζ4hhhh(M1,M2,M3,M4;x1,x2,x3,x4) =
∫
d3ki
(2π)3
...
∫
d3kl
(2π)3
Thhhh(k
i,kj,kk,kl;M1,M2,M3,M4)(2π)
3δD(kijkl)e
i(ki·x1+...+kl·x4) ,
(A.5)
correlation functions of halos in real space.
Following the arguments presented in § 1.4, we take halos to be clustered following
the linear theory, such that the halo power spectrum
Phh(k;M1,M2) =
2∏
i=1
bi(Mi)P
lin(k) , (A.6)
bispectrum
Bhhh(k1,k2,k3;M1,M2,M3) =
3∏
i=1
bi(Mi)
[
Blin(k1,k2,k3) +
b2(M3)
b1(M3)
P lin(k1)P
lin(k2)
]
,
(A.7)
and, trispectrum
Thhhh(k1,k2,k3,k4;M1,M2,M3,M4) =
4∏
i=1
bi(Mi)
×
[
T lin(k1,k2,k3,k4) +
b2(M4)
b1(M4)
P lin(k1)P
lin(k2)P
lin(k3)
]
, (A.8)
trace the linear theory power spectra and higher order correlations with an ith-order
bias bi(M) for a halo of massM relative to the linear dark matter density field. These
biases could be found in Mo et al. (1997). The linear density field power spectrum
comes directly from linear perturbation theory, while the bispectrum and trispectrum
requires second-order perturbation theory (see, e.g., Fry 1984; Goroff et al 1986).
Given a profile, a mass function, and a description of halo clustering, we can now
write the four-point correlation functions in real space. We will then consider the
Fourier transform of these correlations functions to obtain the trispectrum.
A.0.1 Real Space Four Point Correlation
Following Scherrer & Bertschinger (1991), we can separate contributions to the four
point correlation function as those arising from one to four halos. Thus,
η(r1, r2, r3, r4) = η
1h(r1, r2, r3, r4) + η
2h(r1, r2, r3, r4)
+ η3h(r1, r2, r3, r4) + η
4h(r1, r2, r3, r4) . (A.9)
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Here, ri are position vectors from an arbitrary origin. It should be understood that
this is the non-Gaussian part of the four point function and that there are no contri-
bution from any Gaussian terms.
The correlation functions involving one to four halos can now be written as in-
tegrals over the spatial distribution of the number of halos involved and their mass
functions. We first write the four point correlations within a single halo
η1h(r1, r2, r3, r4) =
∫
d3x1
∫
dM1
dn¯
dM1
yi(r1 − x1;M1)...yi(r4 − x1;M1)
(A.10)
The two-halo term contains two parts with one involving three point in one halo
and the fourth in the second halo and another part with two points in each of the
two halos. We write the 3-1 combination first and then the 2-2 combination:
η2h(r1, r2, r3, r4) =
[ ∫
d3x1
∫
dM1
dn¯
dM1
yi(r1 − x1;M1)...yi(r3 − x1;M1)
×
∫
d3x2
∫
dM2
dn¯
dM1
yi(r4 − x2;M2)
+
∫
d3x1
∫
dM1
dn¯
dM1
yi(r1 − x1;M1)yi(r2 − x1;M1)
∫
d3x2
×
∫
dM2
dn¯
dM2
yi(r3 − x2;M2)yi(r4 − x2;M2)
]
ζ2hh(M1,M2;x1,x2) , (A.11)
with ζ2hh as defined above. Through permutations, the 3 points in one and one point
in 2nd term contains a total of four terms while the second part with two point each
contains a total of three terms (see, Scherrer & Bertschinger 1991).
The three halo term can be written with two points in one halo and a point in
each of the other two halos
η3h(r1, r2, r3, r4) =
∫
d3x1
∫
dM1
dn¯
dM1
yi(r1 − x1;M1)yi(r2 − x1;M1)
×
∫
d3x2
∫
dM2
dn¯
dM2
yi(r3 − x2;M2)
∫
d3x3
∫
dM3
dn¯
dM3
yi(r4 − x3;M3)
× ζ3hhh(M1,M2,M3;x1,x2,x3) , (A.12)
with the halo three-point correlation function ζ3hhh. Through permutations, with
respect to the ordering of r1 to r4, there are total of 6 terms involving three halos
that contribute to the four point correlations function.
The four halo term involves a point in each of the four halos
η4h(r1, r2, r3, r4) =
∫
d3x1
∫
dM1
dn¯
dM1
yi(r1 − x1;M1)
×
∫
d3x2
∫
dM2
dn¯
dM2
yi(r3 − x2;M2)
∫
d3x3
∫
dM3
dn¯
dM3
yi(r4 − x3;M3)
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×
∫
d3x4
∫
dM4
dn¯
dM4
yi(r4 − x4;M4)ζ4hhhh(M1,M2,M3,M4;x1,x2,x3,x4) ,
(A.13)
and is proportional to the halo four point correlation function ζ4hhhh.
A.0.2 Trispectrum
In order to derive the dark matter trispectrum using halos, we again break the con-
tributions to four parts involving one to four halos
T (k1,k2,k3,k4) = T
1h(k1,k2,k3,k4) + T
2h(k1,k2,k3,k4)
+ T 3h(k1,k2,k3,k4) + T
4h(k1,k2,k3,k4) (A.14)
and define the trispectrum such that
η(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
T (k1,k2,k3,k4)δD(k1234)e
i(k1·r1+...+k4·r4) .
(A.15)
We now take the Fourier transform of each of the four terms associated with the
real space four-point correlation function.
First, the term involving one halo can be written as
η1h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
∫
dM1
dn¯
dM1
yˆi(k1;M1)...yˆi(k4;M1)
× ei(k1·r1+...+k4·r4)
∫
d3x1e
−ix1·(k1+...+k4) (A.16)
which can be used to write the one-halo contribution to the trispectrum as
T 1h(k1,k2,k3,k4) =
∫
dM1
dn¯
dM1
yˆi(k1;M1)...yˆi(k4;M1)
≡ I04,iiii(k1, k2, k3, k4) (A.17)
Similarly, the term involving two halos is
η2h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3∫
dM1
dn¯
dM1
yˆi(k1;M1)...yˆi(k3;M1)
∫
dM2
dn¯
dM2
yˆi(k4;M2)
×
∫
d3x1e
−ix1·(k1+...+k3)
∫
d3x2e
−ix2·k4
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× ei(k1·r1+...+k4·r4)
∫
d3k
(2π)3
Phh(k,M1,M2)e
−ik·(x1−x2)
+
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
×
∫
dM2
dn¯
dM2
yˆi(k3;M2)yˆi(k4;M2)
×
∫
d3x1e
−ix1·(k1+k2)
∫
d3x2e
−ix2·(k3+k4)
× ei(k1·r1+...+k4·r4)
∫
d3k
(2π)3
Phh(k,M1,M2)e
−ik·(x1−x2) (A.18)
where we have also expanded the two-point correlation function in real space. Inte-
grating over x2 first and then k, we write
η2h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
×
∫
dM1
dn¯
dM1
yˆi(k1;M1)...yˆi(k3;M1)
∫
dM2
dn¯
dM2
yˆi(k4;M2)
×
∫
d3x1e
−ix1·(k1+...+k4)ei(k1·r1+...+k4·r4)Phh(k4,M1,M2)
+
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
×
∫
dM2
dn¯
dM2
yˆi(k3;M2)yˆi(k4;M2)
∫
d3x1e
−ix1·(k1+...+k4)
× ei(k1·r1+...+k4·r4)Phh(|k3 + k4|,M1,M2) . (A.19)
We can now write the contribution to the two halo part of the trispectrum as
T 2h(k1,k2,k3,k4) =
∫
dM1
dn¯
dM1
yˆi(k1;M1)...yˆi(k3;M1)
×
∫
dM2
dn¯
dM2
yˆi(k4;M2)Phh(k4,M1,M2)
+
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
×
∫
dM2
dn¯
dM2
yˆi(k3;M2)yˆi(k4;M2)Phh(|k3 + k4|,M1,M2)
≡ I13 (k1, k2, k3)I11 (k4)P lin(k4) + I12 (k1, k2)I12 (k3, k4)P lin(|k34|)
(A.20)
The term involving three halos is
η3h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
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×
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
∫
dM2
dn¯
dM2
yˆi(k3;M2)
×
∫
dM3
dn¯
dM
(M3)yˆi(k4;M3)
×
∫
d3x1e
−ix1·(k1+k2)
∫
d3x2e
−ix2·k3
∫
d3x3e
−ix3·k4
× ei(k1·r1+...+k4·r4)
∫
d3ki
(2π)3
...
∫
d3kk
(2π)3
δD(kijk)
× Bhhh(ki,kj ,kk;M1,M2,M3)ei(ki·x1+...+kk·x3) , (A.21)
where we have also expanded the three-point correlation function. Integrating over
x1, x2 and x3 simultaneously and then k
i, kj and kk, we write
η3h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
×
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
×
∫
dM2
dn¯
dM2
yˆi(k3;M2)
∫
dM3
dn¯
dM
(M3)yˆi(k4;M3)
× ei(k1·r1+...+k4·r4)δD(k1234)Bhhh(k1 + k2,k3,k4;M1,M2,M3)
(A.22)
We can now write the contribution to the three halo part of the trispectrum as
T 3h(k1,k2,k3,k4) =
∫
dM1
dn¯
dM1
yˆi(k1;M1)yˆi(k2;M1)
×
∫
dM2
dn¯
dM2
yˆi(k3;M2)
∫
dM3
dn¯
dM3
yˆi(k4;M3)
× Bhhh(k1 + k2,k3,k4;M1,M2,M3)
≡ I12 (k1, k2)I11 (k3)I11 (k4)
[
Blin(|k12|, k3, k4) + I
2
2
I12
P lin(k3)P
lin(k4)
]
(A.23)
Finally, the term involving four halos is
η4h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
×
∫
dM1
dn¯
dM1
yˆi(k1;M1)
∫
dM4
dn¯
dM4
yˆi(k4;M4)
×
∫
d3x1e
−ix1·k1 ...
∫
d3x4e
−ix4·k4
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× ei(k1·r1+...+k4·r4)
∫
d3ki
(2π)3
...
∫
d3kl
(2π)3
ei(k
i·x1+...+kl·k4)
× δD(kijkl)Thhhh(ki,kj ,kk,kl;M1,M2,M3,M4) , (A.24)
where we have also expanded the four point correlation function of halos. Integrating
over x1, x2, x3, x4 simultaneously and then k
i, kj , kk and kl, we write
η4h(r1, r2, r3, r4) =
∫
d3k1
(2π)3
...
∫
d3k4
(2π)3
×
∫
dM1
dn¯
dM1
yˆi(k1;M1)...
∫
dM4
dn¯
dM4
yˆi(k4;M4)
× ei(k1·r1+...+k4·r4)δD(k1234)Thhhh(k1,k2,k3,k4;M1,M2,M3,M4)
(A.25)
We can now write the contribution to the four halo part of the trispectrum as
T 4h(k1,k2,k3,k4) =∫
dM1
dn¯
dM1
yˆi(k1;M1)...
∫
dM4
dn¯
dM4
yˆi(k4;M4)
× Thhhh(k1,k2,k3,k4;M1,M2,M3,M4)
≡ I11 (k1)I11 (k2)I11 (k3)I11 (k4)
[
T lin(k1,k2,k3,k4)
+
I21 (k1)
I11 (k1)
P (k2)P (k3)P (k4)
]
. (A.26)
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